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SU.PPLSMENTARI UNIT 1 

• * •( _ . * ' ' . * 

^ ■ » * * 

, SETS ♦ , . ' 

• • • . . /■ 

1-1. Introductioa 

Tou already are familiar with the word "set.* A set of 
dishes is, a collection of dishes. A set of dominoes is a 
cdllectio/i, or group, of dominoes. In math^atics we use the 
word "set*- to speak about any collection of any kind of thing. 
In your classroba there is a set of persons. There is also a 
set of noses, an^ a' set of desks. You may notice that there 
is a relation between the set of persons in the ropm and tlie 
set of noses in the ro«ffli. 

The language of sets is very iiseful in describing all sorts 
of situations. How is the set of pupils (in your' class related 
to the set of boys in the class? Compare "the number in eact 
following three sets: 

the set of pupils in your class, ' 'J , 

the set of boys in your class, and. ^(^ j 

J * 

the set of girls in your class. , / . 

The following three sets s^re related \n a different ws^y: 

the set of redheads, 

the set of baboons, and 

the set 6f redheaded babdons. 



In this chapter we are going to siqdy relations between 
. ■' . ' ■ ^- . ^ ■ 

sets, ^^nd ways in which we can comtjine sets to obtain new ones. 

We shall; jCind it convenient to invent some new \i^ords and symbols. 

It might be a 'good idea to review those chapters before reading 

fur the * . ^ ^ ^ 

it n ' * 

■ ( ■ • 

- , 1-2. Sets, Their Kembers aind Their Subsets 

Sgtf, ^ Their ^?ffit?gr9 

When we speak of a set as a .collection of things, we do 

4 ' 

riot mean* that the things are all together in one place or. time. 
The set of all living women is a widely distributed set., You^ 
will meet members of this . set all over the world. The set of , 
all presidents of the U^ted States has as members George Wash- 
i'ntton and Dwight D. Eisenhower, among others. Name other 
i^embers of -this set. 

' • ' The'*things'' may not be objects which you can touch or 
See. The set of all Beethoven symphonies does not contain any 
concrete objects. You may have heard some of its members. The 
set of all school orchestral in the United States is a set 
whose. m«nbers are themseljes sets of pupils. The set of classes 
. in your sphool is another set whose members are sets. It is 
•different frdm the set pf all students in classes in your 
school. Which of these sets hafe. more members: Are there more 
classes or, students in your school? . 

, ■ ■ , X ■ 

« 

\^ Sometimes we defljjne a set by listing its members. Your 

teacher might appoint a committee to be in charge of the- ' 



r 
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mathematical exhibi^ts in your class. She may say, ••The members 
of -the- Exhibits' Committee shall be Lenore, Murijr>4)lcic and Al.' 



We often name , a set which is defined in this. way by listing 

* 

names of its members .and en closing /them in bfaces: 

'Exhibits Committee • [Lenore, Muriel, Dick, Alj . ' ^ 

* * 

; We us^ the symbol € * (Greek le^te'r epsilon) to mean 
''Is a ffl^lp^r af." Thus we can express t;he fact that Lenore is. 
on tHfe committee tjy writing • ^ 

/ Lenore €' Exhil^its Committee. 

We could' state the definition of the canmittee'^like this: 
x € Exhibits Committee if and only if x represents 
Lenore or x represents Muriel or x- represents Dick 

, or- X represents Al, . 

> 

Another way to describe a set is to state the membership 
requirements. These are conditions that something must ss^sfy 
in order to get into the set.' The set of persons in your class- 
•room has a very simple membership requirement. The objept x i 
is in the set, if x is- a person in your classroom,^ and only 
then. The set' of common multiples of k and 6 is the set of 
all X for^which it is true that x is a multiple of 4 and 
X is a miJltiple of 6. Tou might imagine each object in the 
universe applying for membership in this set. If the object 
is not even a whole number, then we throw it out immediately. 
If it is a whole number we' divide it by 4. ^f thfe remainder 
is zero, we then divide . the number by 6 and see wf^ethe'r d is a 
factor. If X passes this test, too, then ^ gets its member- 

.9 ^ 



shiP' card in the set. If it fails any of the t/sts, we reject 
it. . . ■ - 

, We sometimes call the members of a set •elements of the - 
set.'' You are an element of the set- of mathema^iics student Sj- 

Property 

You begin to see t]iat for a particular set" to be clearly- 
defined there must be some scheme or device for determining 

i^ether or not a given element is in this set. Usually a. set 

* " ■ ■ - .. 

is described in teri^s of some property, or progjerties, whicb 

its elements have in ^common. For example, the set C may be 

,thou^t of a9 thd pupils in your class . The common, property* 

is that each element is a member of your class. Again, you 

may consider set B as the set of boys ih your class. The 

element of this set contain two properties in common: (1) the 

elements are all in your class, and (2) the elements are all 

boys. Sometimes a sat is described simply by enumerating the 

elements. For example, the set of even whole numbers; may be 

described by ilritin^.: .0, 2,-4, 6, 8, 10 . What is the 

ccanmon property in- this set? ^ . 

I 

Exercises 1-2 -a 

-1. List a common property or properties of Ishe following sets.: 

(a) {Sue, Jane, ^orothy, Mildred). ^ ^ - 

(b) [Washington, Jackson, Eisenhower]. 

(c) (1, 3, 5, 7, 9, '111. 
. U) [12, 24, 36, 4^!. 
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« 

2. -Ti-anslate the followirtg piathematical- sentences into English, 

(a) Tom € [Carl, Jim, Tom, Robert! . 

(b) 6 C [0, 2, 4, 6, g, 10, - - » }.. 

(c) If X€ [Tom, Carl, Bob,- Jim]" then X represents 
Tom^ or X represents Carl, or X represents Bot|, 
or X represents Jim, - 

3. Which of* the following are true? 

(a) 4 Cl3,. 7, 10, 4}.^ - 

(b) ^ lion C (baboon, tiger, dog, lion] . 

(c) / X e(S, 14, 17, 2^1 where X is a multiple of 6. 
. (d) X €[1, 2, 3, 4, 5, 6, 1. where X is 'a counting 

number, . _f 

(e) Washi^ton, D.C, C (Alabama, Alaska, Arizona, West 
Virginia, Wisconsin, Wyoming). 

4. List the members of the following sets: 

(a) The set of X such ^that X is a factor of 12 and 30, 

(b) The s^t of X such that X plays a violin, or X 
plays the viola, or X plays the cello. " 

(c) The set of X su^h that X is a whole number. 

(d) . The set of X such that X is one, of the U.S. Pcesi- 
cehts since 1930, 

Subsets 

''^ Consider the set of major league baseball teams in New Yorl? 

tn 1959. This set has one menft^er, the New York Yankees^Baseball 
Club. Its one member is itself a set, among whose members are 
Mickey Mantle and Yogi Be rr a. The set whose oSly member i-s a 



certain object is not thp same as that object. Th"e symbol ' 
{,3} is a name for the. set ^ose only member is 3* 



The set, or team, of New York Yankees is a subset of 
baseball players. Every member of the team'is»a baseball player, 

f 

In symbols, we write: If X C Yankees, then X £ the set of 
baweball players . >^ • 

Yoia hare been introducad to a new word: that of subset ^' 
Let us consider another example. Suppose^ in a class of 25 
pupils there are 3 pupils whose first name begins with •*S.* 
You can then say that these 3 pupils form a subset of the \ 
class. Again, consider the set of even counting numbers: ^■ 
2, 4| 6, 10, - - - . This set can be considered as a subset 

<yf the counting numbers: 1,2,3,4,5,6, ' 

" '- • ■ . 

Suppose the- set of pupils in your class, whose first names- 
begin with "S* is {Sam, Susan,, Sally) . The subsets of this 
set may be listed a» follows: [Sam}, [Susan}, [Sally], 
{SaM\ Susan), [Sam, Sally), and [Susan, Sally). Sometimes we 
say that a set is a subset of itself • .i 

# . * — ^ 

A set R is a subset^ of a set S if every element of R 
is an element of< S. , . ' 

It;' is necessary, at Jtiaes, to talk^ about the relationship 
of a subset to a s^t, or the relationship of a dTet fp* another 
set. We say, for exajnple, that the set' of even counting numbers 
(which is a subset of^the -^ountinW numbers) is contained in th*, 
set of counting numbers. To writi this in mathematicalS.9inguage 



• we^use the S3m!bol ** C , . which i.s read **is contained in,^ 

Tou can now 'write:-. [?, 4, 6, }C[1, 2, 3, 4, 5, '6, - - -) . 

Sometimes the Symbol *^ D ** is also us6d. This is read •'contains.- . 
You can now also write: * , 

I'l, 2, 3, 4, 5, !D [2,, 4'/6, S; - - - 1, . ' ,^ 

which reads: The set of counting numbers c6ntain& the set of 
even counting numbers. Let the set of your class be called 
"C** and the set of boys in your class be called ^B". You can. 
then write: . * 

BCC, or * ' 
. ' ' ^ CD B. . * 

You may b§- helped in this study by use of diagrams. A 
mathemittician always draws figures or diagrams when possible. 
' The diagrams used below are called '•Venn" diagrams. Consider 

f 

again the example B C. We sketch the following 

, .t 




' .This illustrates that the set of boys in your class is contained 
in the set of your class. Again:, 



''ah flowir« 

low«ri 
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illustrated- that th^^et of all red* flowers is contained in the 



Bet of all-flowers. Let the set of all re^ flowers be called 
R and the set of all flowers be called F. . The relationship 
of R and F can then be written as: 
V ■ H C F, or \ 

• • . FD R. ' • . • 

\ . 

1 ^ Consider the following Venii diagram: 
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This diagraa indicates that the set of all red flowers belonfi| 
to the set of all flowers. It also indicates that the set of 
all tulips belongs to the set of aH flowers. Let the set' of 
ail tulips be called T. The above relationships may now be 
expressed as; 

H C F, and 
TC F. " 

What can you say about the .relationship of set R and set T? 
Tou would certainly have to say that some tulips ai^e red and 
are thus contained in the set R, but you certainly cannot 
say that T CI H is true. Give some thought to this situation 
for a while. ' ' ' 

^ Exercises l-~2~b 

1. Translate the following mathematical sentences into English 



(a) . If X € [Red flowers] , then X C this set of a-11 flowers. 
(^1 MCn, and KDm. ^ - 
(c) U, 5, 7, 9, 11 - -^-^} C(l, 2, 3, 4,. 5, 6, 



Write all possible subsets of the set; [l^f 5,/ ^4* 

Translate the ' f©lloWi9g"SngIis1i "sentences into mathematical 
aefttences ... ^ ^ 

(a) The set {12^ 20, 32] is contained in'the set of 
all whole numbers. ^ . 

(b) .The set of the Great Lakes bout ains the set of Lake 
Huron and Lake Michigan. 

(c) The set of (Hoover, Truman) is' contained in the 
'set of all U.S. presidents since 19^0. 

* . 

- 

Draw a Venn diagram to illustrate the following: ' 

(a) The set of the Hudson and Ohia^Rivers is contained ^ 
in the sets, of all rivers in the United States. 

(b) The set of tigers, lions, and baboons is contained 
in the set of all animals, 

# 

(c) ^ The set of l6j 36, and 40 is , contained in the set 

of all counting numbers which are multiples of -4, 

(d) The set of 6, 1/2, 3/6 is contained in the set of 
all rational numbers , . * - 

t 

Which of the foilowing are true and which are false?. 

(a) [Al, TomiD [Al^ Bob, Jack, Tom] . 

(b) [Sam, Sue) C [Slim, Tom, Bob, Sallyi . 

(c) The set of all yellow roses is contained in the set 
of ail yellow flowers. 

7.7 • i 



(d ) [2S, 56, 112} C the set whose ele»entS' are multiples 
of 4 atid also of ?• ^ 

6. Given-three sets A, B, and C. If A3 B and BD C, 
does A_J C7 Illustrate your answij^r with a Venn diagram. 



1t3. Operations with SetSy 

Union 

Suppos* the set: [Bill, Jim, Tom, San} are the boys of 
a class who play in the band.^ Gall this. set B. Let the set: 
(Sam, Tom, Carl} be t^e boys ^irf the s^me class have rel 
hair.*' Call this set l. Now if we combine tjiese two sets we 
would get the set: jBill, Carl, 4im, Tom, Sam). This would 
be the set consisting of all elements which belong to set B, 
or to set a, or to both set^s. We call this the union of two 
'sets. The symbol ^used is: * U " . We can now write: 
{B.ill, Jim, Tomj Sam] U {Sam, Toin,^ Carli 
jBtll, Carl, Jim, Tom, Sam}. 
If we call the union of these two sets C, then you .can write: 

B U R « C, and it is read:. B union R equals 'C. 
The combining of two sets in this manner is called an operatio^i . 
Before working some problems let us consider another matter 
vrfiich was introduced by writing B U R -,G, 

£quftl4t^y. Se^s 

We say that^ two sets are .aajiai if -and only if each element 
of one is also an element, of the other. Suppose we have two > 
se^s A and B: If ACB and BCa then we can say A - B. 

J6 



For example, suppose that in ybiirv class thiere are only four 
redheaded pupils i^^icJil we- sjiall 'call set *R, and Turfheiwore', 
these four redheaded pupils ar» the only ones^havlng. their 
birthdays in January, which we shall call set We can;write 

RC^ and JCR, hence R « J.^ 
Consider again: BU R » C. If we can write (B U /) C C and 
G C (B U R), then we can say: B U R = C. After /ome thought 
'you should see that this is a true statement. Instead of say- 
ing that two sets are equal, ^we sometimes say they are identical 
This is a good expression since w^ can say that two sets are 
equal if and only if every element ot each is an element of the 
pther. 

Properties.^^^ ' _ . 

Consider , again the two sets, B and R. Do yo\4 
suppose that - , 

B 'U R = R U B? 

t 

Let us investigate: 

BU R » [Bill, Jim, Tom, Samj U [Sam, Tom, 'ckrl! 

■ [.Bill, Carl, Jim, Tom, Sami . - ' 

•RUB = [Sam, Tom, Carl] U [Bill, Jim, Tom, Samj^ 

- [Bill, Carl, Jim, Tom, Sam]. 

You see, then, that BUR- RU B. Does this recall to>€^u 

what you learned about the commutative" property? With a' 

little thought on the iiaiffin conce{)t, you should see that for 

any two sets M and. N, M U N - N U K, and the commutative 

■ . * 

property is true for sets under the operation of union. 



2. Do you .think the following is true' 

A^U (B U C) - (AU B) U-C. * ' 
Let A - 11/2, 31; .B - U, .4lj C [2, 5, 6). , . ^ 
Then:., Ail (B U C) - U, 2, 3l H, 2, 4, 5, 6}' ' / 

- U, 2, -3, 4, 5, 61, ' ^ 
and: (A U B) U C - [l, 2^ 3, 4} U [2, 5,- 6).^ 

[1, 2, 3, 4^,5, 61. 
You see, then, th^t in our example; a'U {B4J C) * (AU B) U G. 
This should recall to mind l^e associative property. With 

■r 

some thought you should f see that under the operation of union 
the associativa property is true for sets. 

♦ 

Exercises l--3-k . 

1. (a) If seii- M - [Red, Blue, Green] and set N » iBlue, 

Yellow, White], find M U N. 
(b) Is . M U N - N U M? Why? 

2, -Let A be the set of even counting numbers; B the set 
-of" odd counting numbers; and, C the set of all counting 

numbers ^ 

(a) Is A U B - C? Why? 

(b) Is A C G? Why? ' • • 

(c) Is A C B? Why? 

id) Is A U B --^B U A? . Wijy? 

(e) Does BD A? Why? ' 

■ (f) Draw a Venn diagram to illustrate BCC. ^ 

' (g) Is A « B? Why? ; ^ 

■ ' • ■ ■ ■ ^ 
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3. ' Gtven^ three sets R, S, ' and^ T." 
' • (a) Is^ {RU SJ U T - RU^(SU 1") - T U (RU S)?/, Why? 
' '{b^ Ay^posB (R U S) C T and" T C (^lU S)- then Is " i 



4#/l4et C be the set of pupils in your class,, S be the 

! • 

se€^ of pupils in your school,' and X be the only redheaded 

pupil in your class. Discuss the following as to whether 
qt not they are true. 
. - '(a) IG S. (b) CCS (c) .C - S 
Id) SC^ (e) X€ C (f) SD C 

i ' (g) Is X a subset of C? Of S? 



(h) Is C a subset of S? f 



:3'f (a Consider two concentric circles. Let X be the 
, « set of points within a circle whose radius is 4 units 

and Y be the set of points within a circle whose 
radius is 2 units. Draw a Venn diagram to show: 
, X U Y. . . * . •■ . 

(b) Is X CI Y, or Y C X? After giving your ansyer 
complete the statement": . is a subset of i 

Intersection . . " ^ ' 

Another ^p^ation with sets is that of intersectionv Do you 
recall this operation from Chapter 4? You no doubt remember 
that the symbol for intersection is , "H", Consider sets A, 
and B. If we now write: A 0 B, it is read ''♦A intersection B 



.-3 



The intersection of two sets is the set of all elements which 
be^ng to" botJi, sets. For example, let siet A be iToa, Sue, 
Carl, Joanj , and set B be [Sam,' Sue, Tom, "Sally} . Then; 
r k f) B - [Sue I Tom]'. you remember the following Venn diagram 
we had several pages back? 




'-Tou remember a question was raised about the Relationship of 
R and T, where R was the set 6f all red flowers and T 
was the set of tulips. You can now see that the shaded part 
of the diagram is RO T, This situation pi^se.nts us with 

r 

another set which we have not mentioned. Are there any yellow 
tulips in set R? 

At times we have a set which is said to be empty. Such 
a ^t is sometimes called the •null set." For example, the 
set of .yellow tulips contained in the set of all red flowers 
is an example of a null set. Suppose there are no redheaded 
pupils in your class then the set of redheaded pupils in your 
class is a null S'et. Another example is the set a^ll voters 
who have their legal residence in Washington, D.C. We shall 
^use the sypbol "0* , (the Greek letter phi, pronounced •'fee") 
to designate the null set. We say that 0 is a subset of 
every set. 2Q 
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,1, Given two sets M and N: it ti^e that M H 
N O M? Let ^M|^Be [1, J, -4]. and^- N be [3 , 4, .5, '6) , 
then MHxN - l3.,.4} ""and N n M - (3, 4i . In view of >oi^ 
previous stuc^you are led to see. that the commutative prc/perty 
applies under^the operation of intersection of sets. 

2. In a similar manner^ given three sets S., and T, 
it can be shown that the associative property holds. We would 
then have R O (S H T) - (R n S) 0 T. Select an example of 
your own and see if you get a true result, 

3. Are you reminded of anything by the following, where 
R, S and T are three set3? .f^ 

iRU {S n T) - (R U S) n {R tl T). 
Let ^R . [1, 2, 71, S - (i,.3, 4] and T - [2, 3, 5). 
Then RU (sriT) - ll, 2, 71U ([1, 3, 4! H [2, 3, 5l) ' 
; , ; Il,.2, 7} U 13} . ■ ^ ' • 

■ " 2, 3, 71 

and (R U S) n (R U T) - , - 

- (U, 2, 71 U [1, 3. 41)0 (fl, 2^71 U !2, 3, 51) 

- [1, 2, 3, 4, 7! n {1, 2, 3, 5, 71 

- Ui 2, 3, 71- 

This illustrates the distributive property of union with respect 

to intersection of sets. In working with sets we have two forms 

of this property*; We have just studied ohe form: namely, 

R U (S n T) - (R U S) n {R U T) . The other form is: 

KD is U T) -^{R n S) U (R n T), which is the distributive 



property,, o.r dAters^ct^ion-Kith respect^to union of -This 

is somewhat dl^f fere;it' from .what you stifled in worl^in^ With 

the. counting n,umbers in Chapter 3» There was -only onie form-" 

of Nihe distri-butive property: -namely, multiplication with" ♦ 

respect to additibn. • • , ' ... 

■ ■■■ ■• ^ r . ■ . ■ ■ 

^. Given the three sets: A » [boy, girl, chair j , B " [girl, 

. chair, dog) and G ,« [chair, dog, catjy - - . 

(a) Find A O B. ' ^ 

(b) Show that Af> C = Gf) A. . . 

Jc) Show- that A n (B U C) ^ (A 0 B) U (A.n C) . 

• ^ / ■ ■ ' 

(d) Show that A n (B 0 C) « C O (A n B)/. 

2, Where 0 represents the null set, and H is any other 
set, is the following true? 0U H ' H\J 0. Explain your 
answer. Is 0 H. » H? Explain your answer. Under the 
Operation of union of sets, ^at name ffiay be applied to 0? 

^3. Let R represent the set of points on the line segment A^, 

and. S represent the set of points on another line segment CD 

(a) , If R n S « 0, then what is true about the two line 
. segments? 

(b) If R n S / 0, then what is true about the two line 
segments? 

4. Are there any. similarities between the s3mibols **U " and 

"H"^ and the symbols " + " ■ and " • «? Explain your answer 
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5. 'Draw a Venn diagram to illustrate the intersection set of 
all m^ber9 of the bSuid in your schQol *and ^1 the pupils 
in your cl,ass. \ > 

-6. Show by use of a figUre the intersection ^et of two inte^r- 
secting circular regions ^ 



7. (a) Let E be the set of even counting' numbers: 

[2, 4, 6, •••]. What muat be the set F so that 

when C- is the^et of all counting numbers? 
(b) What Is the set of - K H F? 

3. Given two sets A and B: ' v " 

(a) If aCB, ^ds it true that A U B - Explain your 
answer. 

(b) If ACb, is it true that AD B - ^ Explain, 
1-4 • Order., One-to-One Correspondence, • 



the Number of a Set, and Counting 



In many situations the order in which we write the elemejits 
of a sefis immaterial. For example, set A: [Bill, Tom, Samj , 
can be written as' [Tom, Sam, Bill], or as [Sam, Bill, Tom}, 
just as well as ;Ln the original. Under oui*" definition of . 
equality, ail -three of these sets are equal. At times, however 
the;prder is important. For example, the name William Thomas 
is not the same as Thomas William. If we wrote, the^e two names, 
as a- set: JWilliam, Thomasj, -then^unddr our present framework, • 
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we could just a & well vrrite the set-as: iThomas, Wllliami, 
and the two would be equal, or identical. An ordered 

. set is one, wKerein there is an element which is the first term, 
anlSither element which, ia a second term,-- and so on. • When we 
wish to indicate tha\ the elements of a set are ordered, we " 
shall use. the symbol: " ( )**. If. we now write the set composed 
of the elements Thomas, William in the form: (Thomas, William) 
it is not equal tq the set: (William, Thomas),, because the set 

*is ordered with the elemfent Thomas in the first position and 
the element William in the second position. A set of two ele- 
ments written in this manner is sometimes called an ordered 
p^ir . You had some contact with ordered pairs when you made 
graphs in Chapter 11, A set such as: (a, ^, c) may be re- 
ferred t'o as an ordered triple . This idea may be extended to 
many more then 3 elements. For example, the ordered set of 
th'e first n counting numbers: (1, 2, 3, 4, 5, 6, n), 
would give us an '•n-tuple" where n-' may be any counting number. 
This i^ea will be used in the section on Counting . 

Ordered pairs are very u^eful^ in many branches of mathe- 
matics. When you st-udy a couf*se called Analytical Geomet;*v . 
you will dear with ordered pairs such as (1, 4), (6, 2), (12, 15), * 
for example. 

Consider the set of people in line before the box office 
of a theater. Is order important in this situation? If you 
should try to move ahead of someone already in line, you would 



be made to understand, rather quickly, the importance of order 
in this) case. There are people who consider order important 
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enough to take a bed' roll. antji sleep near a box office, so 
as to. be well ^up in line wh^h the office opens^ Some bas^"-. 
ball 'fans do this for tfhe World Series. Can ^ou think of. 
other similar situat ions? < , ' ' ( 

As you know^ 'the following is a true, statement: 

. [1, 2* J] ' [1, 3, 2j. < ' 

. On the other hand, (1, 2, 3)> (1)^3, 2), because these are 
ordered sets. • • f 

• Sll£-ia-Oiia Correspondence 

One basic study of sets- deals with the comparison of two 
or more sets to see v^ether or not they are equally numerous." 
This is done by matching the elements of the sets. In t^e 
opening pages 'of Chapter 2 you read that in the long ago a ' 
shepherd probably kept account of his sheep by having' a notched 

» 

Stick - a notch for^each sheep and a sheep for each notch. 
With this arrs^ngement he could .tell whether or not any sheep' 
were missing by comparing, or-ciatching, ' the set of notches with 
^ the set. of sheep. If all sheep were present,' we could say there 
was a correspond^n^'^ between the set of sheep and the 

set of notches. 

)^ . ■ ■ 

Consider your class. Suppose there is the saffle number of 
seats in your classroom as thierjp are pupils in your class. When 
all the pupils are present ,' then the set of seats and the set 
of pupils are in one-to-one correspondence. In other words, „ 
the two sets are equally ntimerous. If all pupils are present 
and seated in their assigned seats, then 'youi'/teacher can tell 
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• ' t ' ■ • 
at a glance that there is perfect attendance for the day. 

Without much' more than , a ^^nce she can tell how. many are 

♦ , 

absent, if some are not present. How does she do this?, What 
can '"you say with respect to bne-to-one ccnrespondence of the 
following: ^ 

1. 11,2, 3,^41; [0,X, A, V1; lA, B, C,'d}. 

2. {1, 2, 3, 4, 5-, 6^ 7, S, 9, lOf; [a, b,^ c, d, e, f, 
' g,, h,^'i, j). • • J 

3. (the number of fingers on one hand); / 
J the number of symbols in a base five system} ; 

, C 

[the number of players on a boys* basketball team) • • 

I- • 

We are now in a position to state a general principle- 

with respect to sets and one-to-one correspondence as follows: 

Given two sets A and B. These two sets are/said to 

be in one-torone correspohdence if we can pair, or match, 

~> tJae elements of A, and B such that' each element of 

*■ • - 
A* pairs with one and only one element of ' B, and in the ^, . 

sa^ matching- process each element of B pairs with one 

and only I one element of Ai This principle may be stat,ed 

Eiftre precisely in the following way; 

Let A and B be sets. There is a one-to7one 'correspondence 
between . A and B if there exists a collection H of 
ordered pairs with the following properties: 

1. The first term of each pair of H is an element 
of A, 

2. The second tenn of each pair of H is an element 
of B, . - • 

ER?C , V .26 
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Each element of "A is a first term of exactly 
one pair of H, 
4« ^Each elementi of B is a second term of exactly 
one pair of H, 

In Problem 2 above let A b.e the set (1, 2, 3, 4, 5, 6, 
7, 9, 10), and B the set (a, b, c, d, ef^f, g, h, i, j) . 
T^e set H would look like ^is: 

, (1, a) (6. ,f ) 



(2, b) 
(3, c) 
(4, d) 



(7, g) ' 
tS, h) 

(9, i) 
(IX), j). 



Unless the concept of order is to be taken into considera- 
tion, the|niatching process may be done in more than .one way. 
Consider set A; (Bill, Tom, Sam}, and set B: {Amu, Jane-, 
Susan}. Since these sets have only three elements, we can see 
at a glance that th^ere is a one-to-one correspondence between 
them. The matching process, however, can be done in six ways. 
Two -of them are as follows: 



Set A 


Set 


B 


1* " 


Set B 


Set B 


Bill < 


T-^ Ann 






Bill 


Ann 


Tom < 


— > Jane 






Tom > 


Susan 


Sam < 


— > Susan 






Sam < — > 


Jane 






■ \" 

Figure 1-4 - 
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The symbol * * simplj^ means, • for example, that 
Bill is matched with Ann, and Ann is matched with Bil^l. 

• , • ( ■ 

I^et us consider the elements of these two sets again, 

« 

and write the sets as follows: 

•A: (Bill, Tom, Sam), Bj (Ann, Jane, Susan). 

The notation indicates the two "sets are now ordered, 

.. - ■ ' ' ' 

Of course, we can still match the elements $,n six ways. If, 
however, we want to "preserve the order, the elements can be 
piatched in only one way as follows; ^ ' 

Bill <-> Ann 
• ' Tom <-> «Jane 

Sam Susan. 

Equivalence 

Yo\ji remember when we talked about the equality of sets. 
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we said that two sets were equal, ^or identical, if and only 
if every element of each is an element of the other. For 
example, ^ - " « 

[tL, 2,/3! - {1, 3, 2] 
because the two sets contain the same elem^ts. The concept 
of one-to-one correspondence introduces a new concept of equality, 
that of equivalence . We say that two sets which are in one-to- 
one correspondence are equivalent.- We shall indicate this fact 
by using the symbol * < — which was usej in matching the 
elements of sets. For example: [Bill, Tom, Sam] < — >• {Ami, . — 
jane, Susan]. Again, given two sets A and B, if we i^git.e: 
A ^ — > B, we mean that there is a one-to-one corresjpondence 



t 

Exercises >^ 

1. Gonstruct tables similar to those of Figure 1-4 to show 
thfe additional four ways in which the two sets may be 
matched. . 

... . . / 

2. By observing Figure 1-4 and the additional tables you 

made in Problem 1, you will notice that Bill Ann twice. 
Without making tables can you determine the number of 
possible Imatchings for the sets: Jl, 2, 3, 4j and 
(a, b, c, dl? 

3. Determine .whether the following are true or false. Use 
examples to illustrate yom* answers. 

(a) Identical sets are also equivalent. « 
' (b) - Equivalent sets are also identical. 

(c) Equivalent sets may be identical. 

(d) Equivalent sets are never identical.' ' \ 

>■ . > \ 

(e) Identical sets are never equivalent. 



4. Construct a matching table for the following sets so that 
order will be preserv.d: (Xj 2, 3, 4, 5, 6), (x, y, t, 
a, b, c) . 

m 

5. Suppose )fon buy a carton of a dozen eggs. Is it necessary 
to count the eggs in order to tell, whether, or not you have 
a dozen? Why? 

6. Given two sets x and y. If xCy and yCx,., can 

. • ■' 

we say that the two sets are in one-to-one correspondence? 

V 

/ 

Explain. . 1/ 
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7« Are there more points on an arc of a circle than on 
its subtended chord? Explain your answer. 

Iha Nuiylf^ S. Set 

Given the sets: (1, 2, 3, 4l^'*''an^\ (0, 1, A , V]. You 
notice that there is a one-to-one correspondence between- them. 
In addition you see that the sets ^re composed of 4 el€nients. 
In fact, any two sets wh|ich are in one-to-one correspondence 
have the same number of elements. S^ts, however, will vary 
in .the number of elements which they contain. ' This may vary 
all the way from zero, the null set, to an infinity of elements. 
The word '"infinity" is not new to you, becausfe you will remember 
that there are an infinite number of points on a line, or again, 
an infinite nun^ber of whol|^ numbers, A set containing an in- 
finite number of elements is called an infinite set; otherwise^ 
the set is called a finite set . Since sets vary in the number 
of elements they contain, we .can, then, assign a number to a 
set; We ca|i only assign the same'number, however, to those 
'sets which have a -one-to-one correspondence between them. In 
this discussion we shall consider only finite sets. 

When we wish to talk about the niimber of a set we shall 
use the following notation: n(A}. This is read: "the number 
of - set A.",- More briefly it is at times read: ^n of A." 

For the sets^'r ' 

«■ , ■ 

H, 2, 3, 4} and , [0, 1, A, Vi, 
we can now write: ^ 

n([l, 2, 3, 4!) - n([0,- 1, A, Vl). 
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Counting 

The use of the counting numbers: (1, 2, 3, 4, 5, 6, 

7, ), gives us a basic sequence which we may consider as 

* I' i 

the numbers of finite sets. Every counting number, then, may 

be considered as the number of the set of all cx>Unting numbers 

, up to 'and including it. . 

Counting can be considered as a method of matching between 
y any finite set. and a subset of the counting numbers. Let , us 
designate the set of counting numbers gs C. Further, let 
us label the subsets of C as C-j^, C^, C^, ••• j where 

* HI, . - [1, 2], C^ - [1, 2, 31, and so on. As an / 
example, let us count the set A composed of [Sam, Carl, 
Tom, Jack] . I - 

Set A: [Sam, Carl, Tom, Jack} 

Set C: (1, 2, 3, 4, 5, 6, 7, |. 
By matching you see that set A matches with subset C, of 
the set C. Since n(C^) = 4, then n^A) - 4. 

Consider set A: [l,- 2, 3, 4], and set B: [5, 6, 7], 
• Which are said to be d is .joint . Two sets are said to be disjoint 
"If they, contain no elejnents in common. Now do you remember the 
expression A U B? Applying the operation we get a new set: 
[1, 2, 3, 4,- 5, 6, 7}. Upon matching this new set with C, 
you note that it is C«. So n{A U B) - n(C_} - 7. -Let us con- 
sider the problem through another example: .Given the dis- 
joint se^ts, M: [4, b, c, d},.- and W: 1^, f, gj . Now 
My N « [a, b, c/d, e, f, gl . Upon matching this new set with 
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C, you notice that it is also C^. Hence we have: 

p(M UN) - n(C^) - 7. ' . ^ . 

# 

Do you now notice that the number of the union of the 
two disjoint sets may be considered as^ the sum of the number 
of the sets? , ^ 

\, What is the number name of the following sets? 

(a) [1, 2, 3, 4, 5, 6}. . 

^ (b) [a, b, c, dl. . ^ v 

(c) [bird, dgg, cat, chair, horn]. - 

i - (d) U,^ , *, Q, V, A 1. 

• (e) Which of the above sets have 'the same number? 

2. Suppose a set ^ matches subset T of anotheV* set S. 
What can you say about the number of R in relationship 
to the number of S? , ' ^ 

3. Con'sidering only finite sets, if set M njatches set N, 
and set N matches set R, .what is the relationship of 
s^et' K to set R? 

iT- How does the number of the set of automobiles being driven • 
at this moment compare with the number yof the set of their 
steering v^eels? 



5. By matching the sets ^^^^ C^, show, that 7 < 12. 
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Given two sets A: [Bob, Sue, Tom, .Joe} 'and B: [cat, 

dog, chair}. Find the set AU S« Now match the union of 

•• • 

these gets with C and detemlne the number of the union 

set, ^ < * ■ . 

Given the two disjoint sets M: (1, 2, 3, i|}, ^and 

N: (5, 6,. 7, 8 91. Find M N and determine. n(M \J' N) 

hy comparing it with G, ' 
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SUPPLEMENTAfiY UNIT^2 

SPECIAL FIGURES IN PROJECTIVE GEGMETRI 

2-1, Geometry and Art 

In- a certain paiSc there is a row of poplar trees. They are 
evenly spaced, ^aiid all the same size and shape. Two boys 
wanted to draw^a picture of them. The first said, 
"I know that these trees are all the same 

size* I know that there is the 

«■ 

Same distance between any^two 
adjacent ones. This is how I 
? will draw them." ^ 







The other said, ♦♦The trees furtiher off look. saaller to me, and 
even though I know they are not smaller I will draw them as I 
see them," Which of their 

r 

pictures do you like better? 






The second boy. used the idea of perspective. This i 



s a V 



important idisa in art if we-are interested in drawing things the^ 
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they really look to us. It is the idea used in giving depth 
to a picture. 

Of courseV'not all artists have wanted todo this. In 
ancient Egjrptian art, for example, it was the rule to draw the 
pharaoh larger than anyone else in a picture, and the sizes or 
other people were ipade to depend on their importance . . i 

Not until the end of the Middle Ages did artists make serious 
systeinatic efforts to understand perspective. At that time they 
became greatly interested in learning the rules ?*hat would help 
them picture real istit^ally the world about them. This period, 
whic!^ historians* call the Renaissance, was a time of great devel- 
opment in science and learning as well as art. It was a time of 
new ideas and of a new interest in understanding ,the laws of natvire 
It was a time of experiment. 

One of the artists of this period was Leonardo da Vinci. 
Though we remember him best for his paintings, he had a wide r»nge 
of interests. Among other things he tried to design a way man 
could fly. He believed that a knowledge of science and mathematics 
is an essential tool for the artist. 

An artist who did a great deal of work in developing rules of 
perspective was Albrecht DCirer. In some of his drawings we can ' 

m ■ 

see the way in which he studied these problems. You can find 
examples of them^ in Math'ematics ifi Western Culture ^ by MSiPris 
Kline. This -book contains many other pictures you will 'also find 
interesting. 
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- A mathematician, Girard Desargues, wrote a book about the 
ideas of geometry that would be useful in ponnectlon with the 
study of perspective. He was the originator of what is called 
grg.j^g^Jlvff. geometry. 
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The word "pro jective'^ can be understood if we think about 
drawing a picture. In drawing a tree, you can think of a line 
extending from each point you see to your eye. 




Each line intersects the plane of your canvas in a point. The 
points in 'the picture thus match the points of the tree that we 
see. A geometer says that the picture (the set of points) on the 
canvas Vs a prg.1gCt3igB of the set of points of the tree. 

. Here is another example that will help you understand the 
sort of problons that occur in projective geometry. Suppose there 
is a triangular rose bed in a garden. Suppose an artist draws 
this rose bed several times. Perhaps he draws it first as seen 
from a point in the garden.. Next he draws it as seen from the 
top of a high tower Perhaps he tries other locations as wel/. 
He will find that^in his pictures the rose bed is always triangular. 
He will find, however, that the triangle has -different shapes 
depending on where ne stah^s. He has discovered: The projection 
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of a triangle is a triangle. Later we will see another dis- 
cov^ery that can be made about this situation. 

Pro.iectiv^ Geometry in a PlaHfi. — 
^-IS:-^ CgiresPOPdences ^ Point Sets 

In>this figure, lines and 

i 

J 2 are parallel. Lines drawn from 

point P intersect lines I-^ and ig* 

One such line interlsects in A ^ 

and ^2 ■ in---A'.- Another intersects 
in B and ^® 

figure gives u^ a way of matching the • , 

points on -^-^ with the points >on find tha point on 

^2 tJiat matches C, for example, we would draw the line through 

C and P. The point where it intersects . is the point 

that matches C. . * 

This matching of one set (the points on J--^) with another 
set (the points on is called a one-to-one correspondence,* 

as we U.. we have found a one-to-one correspondence between 
the points on and the po^iits on -^gr course, if we 

used. some other point in place of P . we would find another one- 
to-one correspondence between the "points on and those on J 2* 

The two point sets can be matched in many different ways.) 

'Did you wonder why we^ihose parallel lines for ^ and -^g*^ 
Let us see vrfiat would happen^if we ^id not. In the figure 
and -^2 parallel- We can still draw lines through P 

37 
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cutting and 
on '^-^^ corresponds 
to p«int A* on 
ig. Point B 
corresponds to B ' . 
Point C is a special 
point* It belongs 
to both the set of , ■ 
points on and 
the set of points 



Id 



Point A 




Oil 



2* A line through P that intersects in C also 



intersecl^s I^^ in ' C. In the^ correspondence between points on 
^-^ and points on J-^ .the point C matches itself. 

It looks as though we have once again a one-to-one corre- 
spondence betwee^the points on 2^ and the points on X. But 
we need to<^^ and think very carefully. We ^ need to remember 
that there is one line through P that isjj)arallel to. J^. 
Suppose th^s line (the dotted line in the figure) intersects 
in the point D» . D» is a point op i^* system does 

not give^ any point on that matches it . 'Points^n that 

are very close to D« match points that are very far out on i^. 
E* ' is' one^such point. 



There is also a line through" P that is parallel to 
So there is also a point on ' that has no matching point on 
ijg- We have discovered: Our system gives us a" way of matching 
all the points except one on with all the points except 
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one on 



I. 



I 



Here is another example of a one-to-one correspondence be- 
tween set5. This figure shows some of the elenents of the set 

V 

of lines through P. 

Each of the lines " » % 
. throu^ P in the 

figure intersects 

the line ^ in a 

point. The figure 

shdws a way of 

matching elements 

of tJhe set of Tines 

through P with 

elements of the^ set of points on The line JL^ matches the 

.point A. The line corresponds to point B. 

Again, however, we need to be careful. There is one line 

through P that is parallel to This line does not have a, 

mat^ching point on We see that: To each point on corre- 

sponds a line through each line through P except one 

there corresponds a poljitfv on J . i 











Xy 










/ 










These examples will help^you understand an idea that is 
very useful ii^ pro jective geometry. It is tbeidea'of ah ^ ideaj. 
.^fiaiat on a line. 

In projective geometry we do not use the term *»parallel 
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lines." Instead, we use the term "lines that intersect in an 
ideal point." We think of each line as containing one and only 
one ideal point, as well as the usual points we are accustomed 
to thinking about. In order to be quite clear, we can call the 
usual points msal points . When we adopt this -new language, we 
can say that ^ajL ^wo lines in a plane meet in a point of some 
sort. Iri the figure, and J.^ 

meet in tie real point P. £^ and 
-c-^ meet in an ideal point. Formerly 
we woul^have said they are parallel. 
The two ' statements mean the same ^ 

In our new language, the set of all points on a line is ' 
made up, of all the real points and, in addition, the ideal point 

Let us use this new vocabulary to describe the one-to-one 
correspondences which we have already 'studied. As we do so, we 
will find that it is a very convfenient language for describing 
these situations. . " ' 
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in this figure we can' now say 
that there is a one-to-one corre- 

ondence between the set of - all 
lines through P and. the set of all 
points on Line J^-^ corresponds 

to the real point *A. Line 1^ 
corresponds to the real point B. 
Line ^ we now say^ intersects 
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. line >^ in the ideal po^it of A. 
po,int on 1 ' 
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It coiresponds to the ideal 





•r 

In this figure we can now say that there is a one-to-one 
correspondence betwefe/i the set of all points on and the^ set. 

pf all points on real point 

A on corresponds to tihe real 

point A* on The real point 

C belongs to the set of all points 
, on >^-. and to 'the Set of all points 
on corresponds to itself. 

The point D*. on J^^ corresponds 
to the ideal point on The point 

E on.M-^, corresponds to the ideal . 

on (Kemember that we now say that each lin^ contains 

eal point. The line through P and intersects 

— . . . • < . ■ 

'ip the ideal point.) . - 

In this figure ^-j. ^2 intersect in an ideal point. 

There is a one-to-one correspondence between the set of all points 
on A-^ and the set of all points' 
on ^g, The line through P and p 
A intersects -^-^ and 
corresponding real points. The line 
through P pai*allel to^ and 

intersects A-^ and A ^ in an 
ideal ^oint. This ideal point is an 
element of the set of all points' 
on i® also an element of 



41 



ERIC 



2-1 ... _^ JT 

the set- of all points on 'J^^* corresponds to itself in. the 
one-to-one c orrespondence . 

We have introduced th«idea of \deal point so that eve^ 
pair of lines intersects i>i:|a point,, that is, "two lines deter- 
mine a point." What about the statement, "Two points determine 
a line," by -which we mean that there Is exactly one line through 
any two points? This is certainly' true in the geometry that we 
are used to, that is, for two real points. But is .it still 
true for projective geometry? Suppose' A is an ideal point and 
B is a real point.y From our definiftion of iddal points, A 
must be on scrae -^j, since from our familiar geometry therfe is 
exactly one line through A and B. Thus thrcni^h any ^Jt^ of 
points we can draw exactly one lUije except when both of the 
points are ideal points. And w0 can j-emedy this deficiency by 
defining an "ideal line" pn which all the ideal points lie. 
This fits in very nicely because then the ideal line will inter- 
sect every other line in ^^just one poin^ — its ideal point. , 

* One big advantage of projective geometry is that not only do 
two points determine a line but two lines determine a point. 
This Symmetrical arrangement is very convenient. 

The langisage of Weal points is new to ypu. Like any new 
language, it seems difficult until one is accustomed to it. The 
examples illustrate its advantages. When we use the idea of^ 
ideal points we do not have to consiKier parallel lines as ex- 
ceptions to our descriptions. ^ 



m 

You will undej^stand better how the idea of ideal points 
\ originated if you think about railroad tracks. When we draw 

* ♦ , * 

railroad tracks we draw then "as though they come together far 
away. The idea pf ideal point is suggested by the way pai'allel 
.lines sometimes appear to meet whe^i we draw objects in perspec- 
tive. / ^ / 

1 • . , . , 

Of coarse, if you are building a railroad t^-ack the i^a 
of^ ideal points is not \iseful at all. When we build railroad 
tracks we need^to know, for example, that all the ties that lie 
( between«tJ^e tracks are the same.l^gth. - The idea of length^ - 
is studied in sagiii^ geoinetVy, Metric geometry us^a the idea 
of measurement. Projective geometry does notj this is why we s«y' 
that projective geometry is non*metric . 

Tou may feel that ideal points seem unnatural. But you 
should remember that all points, lines, and- planes are ideas. 

They are ideas that are developed because they are interesting and 

it ■ 

useful for. some purpose. 

Exercises 2-1 

1. i3raw two' parallel lines ^ Call them ^ .and J^' Mark a 
^^point P between them. By drawing lines through P, find 

a Qne-to-one torrespondence between the points on and 
the points on Label the points in your drawing, and 

name three pairs of corresponding points. 

2. Mark points P and Q. Draw a line ^ between them, as 



• 
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in the figure. The figure, shows 
a way of matahing the set of lines 
throu^ wlU ? the set ^f lines 
through Q. To T&he line through 
A and P correspbnds the line 
through A and Q. The line 
throu^ B and P is matched 



with the line through B and Q, In this way we can find 




between the set of lines 



throu^ P and the set of lines through Q. Draw three 
other pairs of lines illust^rating this statement. 

Inv^Exercise 2, is there a line which belongs both to the . 
set of lines through P and the set of lines through Q? 

In Exercise 2, which linedthrough P corresponds to the- 
line through Q parallel to Jl This line through' P 
intersects ^ in an . 

Explain the meaning of the following statement: If P is 
any real point and is any line ndt passing through P, 
there is exactly one line which passes through -P and 
through the ideal point on J, 

In this figure four of the 

lines are parallel. 

(a) Foiir of the lines 
intersect in an 
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(b) The figure shows a system for finding a one-to-one 
correspondence between the points of the 
points <^ Zg. Find the points corresponding to 
E, F, and G». ^ 

One of the most interesting ideas in projective geometry is 
that contained in Desargues*' Theorem. In order to understand it, 
let us think again about a situation we considere<| earlier. Let 
us think about an artist who is drawing a, triangular rosfr b«d 
Suppose that he is drawing his picture as he/^ees, it frcm a 
tower high above a garden. Here is a sketch that shows the two 
triangles ~ the boundary of the rose bed and the picture of 
it on his canvas. Each point on the rose bed is^matched with a 
point on the canvas triangle. 
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In"the slcetch the vertic^ of the rose bed are calledj A, 
B, and C, In the artistes picture, the matching/ vertices are 
labeled A*, B', C*. Th6 three lines joining matching vertices 
allr meet in point 0 — the eye of the artist. The two triangle^ 
are said to be in perspective. V \ \ 

^- I ^ ^ : , 

We can draw two triangles in the same plane that are iri 
perspective. In the following figure two such triangles have 
been drawn. Again, the vertices of one triangle are matdhed with 
the vertices of the other. Again, the lines joining .correspond-' 
ing vertices meet in a point. y' 
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Copy this figure carefully. Extend AB and A»B» until 
■they intersect. Do the same thing with AG and A'C». Do 
the same thing with BC and B»G». You have found three inteFr- 



section points. Label them P, Q, and H. Do you notice any- 
thing about these three points? They should all lie on, the 
sarae line, 

A boy said, "I wonder whether this will always be true if I 
extend the sides of a pair of triangles in. perspective.* He 
tried it several times. It appeared to be true each time. Of 
course it was sometimel difficult to be 'sure, because he needed 
to extend the lines a long way to find the intersection points. 
Ke decided, however, that it wais prbbably always true that the 
three points of intersection were on the same line. 

t 

•*But what about this figure?" asked another boy. "In my 
triangles, AB and A»B». have the same direction. - When I ex- 
tend them I get parallel lines. There is no fioint of . intersec- 
tion.** 
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"I notice something about the fi^iire you have drawn, 
though,* the first boy replied.- "Those two lines a-re parallel to 
the line through Q and R.' I think that this is another place 
where the idea of ideal, point might be us«ful. We could say 
that the three points of intersection are all on the same line, 
but now one of the points is an ideal point.* 

^ He was right, ^f it is true that 

(a) two triangles are in perspective, and 
« (b) each pair\of corresponding sides, extended, has a 

point of intersection, 
then the three points of intersection all lie on k liije. 

If, however, there is at least one pair of sides with the 
same direction, so that these s-ides, when extended, form parallel 
lines, then we have an exceptional case. The exceptional bAses 
can be conveniently described by the idea of ideal point. 

Qf course,' the second boy was not satisfied with leaving 
the matter at. this. He wondered xriiy the three intersection points 
all were on the same line. Perhaps you wonder too. If you do, • 
you will be interested in knowing the way we prove that the points 
are always on a line. A proof. makes us sure the statement is 
true — a good proof also makes us understand, bAt\er the'reason. 

Let us agfi^in think about the garden and the picture. Let 
us suppose that: 

{a) the plane of the garden and the plane of the picture 
are not parallel {this is the way we d'rew^he figrire) . 
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(b) none of the pairs 'of corresponding sides have the same 
direction. 

^Look at the line through A and A* and the line ttir$iu^ B 
and B». This figure yill 'help -you- see^ the lines. 




B 



^ — i 




These two lines intersect at 0. ^Afhen we have a pair of inter- 
secting lines, we can think about the plane they both lie in. 
The line through A and B is in this plane j so is 
the line through A* , and B'. We supposed that these lines 
did not have the same direction. We know that two lines in the 
same plane that do not have the same direction meet , so we (^n 
be sure that these lines meet. P, of course, is the point 
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where they meet. 

Now let us think about where -P is. P is .on the line 
through A and B4 This line is on the plane of the garden. 
So P must be on the plane of the garden. P is also on the 
line throligh A» and B» , which is on the plane of the canvas. 
So P also on the plane of the canvas. Now we can put these 
two facts together and say: P is on the intersection of twp 
planes the plane of the canvas and that of the garden. The 
intersection of these two planes is a line. 



Now we have proved that. P is on. the /line of intersection 
of a certain pair oJpUnes. We can prove in precisely the same 
way that the line through B and C and the line thrcmgh B' 
^d^ C» meet in a point, which we have labeled Q. We can also 
prove^ by exactly the same reasoning as that used in the case 
of P, that R is on the line of intersefctiOn 'of the plane of 
the canvas ^d the plane of the garden. Then- we can reason the 
same way about the point fi. .' ^ 

So we can see that P, Q, and R all lie on the same 

line — the line where our two planes intersect. 

'• » . * 

Now we have proved our fact for\wo triangles that are in ' 
different (and not parallel} planes. 

It is more difficult to prove that it is true when the two 
triangles are in the same plane. We can see, however, that if 
we took a picture of the garden ai^the canvas, we would really 
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have two triangles in perspective in ti^e same plane, and that 

the ptfints of inter sedition of the pairs of corresponding sides 

of thVsijfiangles would all be on a line. If you were more 

familiar with the use of geometric reasoning in rather complitated ^ 

figures, you would not find it difficult to use this idea in 

constructing a complete proof. ' . 

i * 

Points .a>)d Lines in DesargueS^ Theorem 

0 




In the figure we see that there are 10 main points: the 
Vertices of the tw triangles, th^ point 0, and tli? three 
intersection points P, Q, and R. There are also 10 main lines: 
the sides of the triangle extended, the lines through corresponding 
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.vertices of the triangles, and the line on which lie P, Q, alid 
R. By checking the figure you can see that — 

(a) * through each of the main points there are three of the 

special lines, and 

(b) on each of the special lines there are three special points, 

The figure for Desargues' theorem could be used, for a very 
•♦deajocratic" committee diagram, where, by ♦♦democratic* we mean, 
that in certain respects egich committee member is treated like 
every other one. We could let each of the 'ten points correspond 
to a person and each of the ten lines corresjs^d to a committee,. 
If a certain point is on a certain line, then the .corresponding 
person would be. on the corresponding committee. Then 

1 1. Each committee three members and each person is 
' on three committees. 
2. Each pair of committees has exactly one person in common 
and each pair of persons is on exactly one committee. 

Exercises 2--^ . 

1, Draw several figures illustrating Desargues* theorem^ 

2, - One of the remarkable aspects of the figure for Desargues' 

th'eoi:em is that each point- and each line play exactly the 
same role. For example, we might think of A as the 
••beginning'* point in place of ^ and one triangle could be 
taken to be GOB- Since the third point on AC is ^Q,- the 
third point on AO is A', and the third point on AB is- 
P, the second triangle must be QA'P, Then the <points of 
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intersection of corresponding sides of the two triangles 
should be on a line. Find the line.-/ 

3. Follow through the steps in Exercise 2 startling with the 
point P. " , ) • 

4. The following converse of Desargues* theorem also hoids: 
If ABC and A»B'C' are two triangles and if the points 
P, Q, R are 'defined as the intersections of the pairs AB, 
A»B» ; AC, A»C«j BC, B«CV lie on -a line, then AA», 

BB', CC* are concurrent. Draw a figure vdiich shows this. 

5. (Brainbuster) Designate seven points by the numbers: 1, 2, 
3, 4, 5, 6, 7. Call the set of three points 1, 2, 4 a 
••line ■^T*' and so on according to the following table: 

Lin. Ij ^5 

Points 1,2,4 2,3,5 3,4,6 4,5;? 5,6,1 6,7,2 7,1,3 

Show that each point lies on three lines. Is it true that 
each pair of points determines a line? Is it true that-ft^ch 
pair of lines determines a point? Draw a figure which shows 
this. (You cannot make all the lines straight and one will 
have to jump over another.) 



---- SUPPLEMENTARY UNIT 3 

REPEATING, DECIMALS AND TESTS FOR DIVISIBILITY 

3-1 • Introduction 

• This monograph is for the- student who has, studied a little 
about repeating decimals, numeration systems in different bases, 
and tests or divisibility {.casting out the nines, for instance) 
and would like to carry his investigation a little further, under 
guidance. The purpose of this monograph is to give thia guidance,* 
it is not just to be read. You will get the most benefit from 
this material if you will first read only up tp the first set of , 
exercises and then without reading any further do the exercises. 
They are not just applications of what you have read, but to guide 
you in discovery of further important and interesting facts. Some 
of the exercises may suggest other questions to you. When this 
happens, ^^el^hat you can do toward answering' them on your own. 
Then, after you have done all that you C|an do with that ^set of ^ 
exercises, go on to the next section. T^ere you will find the 
answers -do game of your question-s', perhaps, and a little more in- 
formation to guide you toward the next set of exercises. 

The most Interesting and useful phase of mathematics is the 

r 

discovery of new things in the subject. Not only is this the 
most intere^tijT^ pa«t of it, but this is a way to train yourself 
to discover mor^^^and more important things as time goes on. When 
you learned to walk, you needed a helping hand, but you really 

4 

had not learned until you could stand alone. Walking was not new 



50 ' '3-1 

to mankind lots of people had walked before. — but it was new 
to you. , And whet±ier or not you would^ eventually discover places 

) 

in your walking which no inan had ever seen before, was unimportant 
It was a great thrill vAien you first found that you e-ould walk, 
even though it looked like a stagger to other people* So, try 



learning to walk in mathein«,tics. \ And be independent -7^ do not 

.. ■ . - ■ , . ■ ■ / ' ^ 

accept any more help than is necessary. , " * 

3•2.^^ Cast.ing ©ift tfte Nines 

You may know a very simple and interesting way to tell 
whether, a number is" divisi^^e by 9. It is based on the fact that 
a number is divisible' by 9 if the sum of its digits is divisible 

V 

by 9 and"the%sum?^f. its digits is"^*visible by 9, if the number ' 
is divisible by 9. For instance, consider the number I567S2, 
.The sum .of its dl^gits is 1 + 5 + 6 + 7/-+ ^ + 2 which is 294' But 
29 is not divisible by 9 and hence the number 15.67^2 is not divis- 
ible by 9.' ir the sec.onddi.git had been* J instead .of 5 , or iT 
•the' last di^it had been 0 instead, of 2, the number would -ijave been 
divipible by 9 since the sum of the digits would have been 27 
which is divisible ty 9. The test is a good one because it is ^ 
easier to add the digits than to divide by" 9. Actually we could 
have been- lazy and instead of dividing 29 by 9, use tb^ fact 
again, add nd 9 to get 11, add the 1 and 1 to get 2 and see 

that iince 2 is not divisible- by 9, then the original six digit 

■ ' 'J ' ' 
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number is not divisible "by 9. 

Vi/hy is this true? Merely dividing the given numSer by 9 
.would have tested the result but frc^ that we would ha ye no idea 



why a would hold for any other number. We can show what is 
happening by writing out the number 156,7^2 according to what it • 

< 

means in £he decimal notation: . . ^ ^ 

1 X 10^ + 5 X 10^ + 6 X 10^ + 7 X lb^ + g ;< 10 + 2 - 
• 1 X (99999 + 1) * 5 X (9999 + 1)^+ 6 X (999 + l)> 
7 X (99 + 1) +3 X (9 + 1) + 2. 
Now by the distrihitive prQf3erty, 5 X (9999+ i) - 5 x 9999 + 5 X1 
^and similarly for the other expressions. Also we may rearrange 
the numbers in the sum since addition is commutative. So our num- 
ber 156, 7S2 may be written ^ 

1 X (999991 + 5 X (9999).* 6 X (999) * 
7 >r (99)^ t ^ X 9 +. (1 + 5 + 6 + 7 + g + 2). 
Now 99999, 9999, 999; 99, 9 are all divisible by 9, the products 

♦ ^ * 

involving these numbers are -divisible by 9 and the sum of these 
products is, divisible by 9. Henee the original number will be 
divisi^ 9 if (1'* 5 * 6 + 7 * 8> 2) is divisible by .9. 

lis sum is the sum of the digits of the given number.. Writing it 
^t this way"hows that no Aatter what the given number is, the 
same principle holds, ... 



Exercises 

1. Choose four numbers and by the above method test whether or 
not they are divisible by 9. When they are not divisible by 
9, compare the remainder w*hen the sum of the digits is divided 
by 9 with the remainder when the number is divided by 9, 
Could you guess some general fact from tfiis? If you can, 
^ test it with a few other .examples. 
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2* Given twfc> numbers. First, add them, divide by 9 and take t^he 
remainder. Second, find the sum of their remainders aft-er 
each is divided by 9, divide the sum by 9 and take the re- 
mainder. The final remainders ig the two caspe* are the sa^ne. 
For^ instance, let the numbers be 69 and 79. First, their sum 
is 14^ lind the remaindej: when I4B is divided by 9 is 4.. Second, 
the remainder when 69^is divided by 9 is 6 and when 79 is di- 
vided by 9 is 7.; ,the sum of ^ an^7 is 13, and if 13 is divided 
by 9, the remainder is *4. The result is 4 in both cases. Why 
are the two results the same no matter what numbers at« used 
instead of 69 and 79? Would a similar result hold for a sum 
of three numbers? (Hint: write 69 as 7 9 + 6.) ^ 



3. If in the previous exercise we divided by 7 instead of 9, 

would the remainders by th^ two methods. for division by 7 be 
the same? Why or why 
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4. Suppose in Exercise 2 we considered the product of two numbers 
instead of their sum. Would the corresponding result hold? 
That' is, would the remainder when the product of 69 and 79 
is divided by 9 be the same as when the product of their re- 
mainders is divided by 9? Would this be true in general?* 
Could they be divided by 23 instead of 9 to give a similar 

/ result? CoHld similar statements be m^de -about products of 
more than two numbers? ^ 

5* Use the result of the previous exercise to show that 10 
has a remainder of A when divided by 9* ^at* would its re- 
mainder be when it( is divided by 3? By 99? 
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6. What is th« remainder 'when 7^^ is divided by 6? 

7. You know that when ^ number is written in the decimal nota- 
tion, it is divisible by 2 if its last digit is divisible 
by 2, and divisible by 5 if its last digit is 0 or 5. Can 
you; devise a similar test for divisibility by 4, or 25? ' 

In the following statement, fill in both blanks with the same 
number, so that the statement is true? 

A number written in the system to the base twelve is divisible 

by if its last digit is divisible by If there is 

more than one answer, giye the others, too. If the^ase werV ^ 
seven instead of twelve, how could the blanks be filled in? 
(Hint: one answer for base twelve is 6.) 

9- One could have , some thing like "decixftal" equivalents of numbers 
in numeration systems to bases other than ten. For instance, 

r 

in the numeration system td the base seven,, the septimal equiv- 
alent of 5(1/7) + 6(1/7) would be written .56^ just as 
the decimal equivalent of 5(l/lO + 6(1/10)^ would be written 
.56^ in the decimal system. The number .142^57142^57 ... is 
equal to I/7 in the decimal system and. 'in the system to the 
base seven ^sMld be written .1 . On the other hand, 
.1 (-tt34620462 • What numbers would have terminating 

septimals in the numeration system to the base 7? What would 
the septimal equivalent of 1/5 be in the system to the base 7? 
(Hin|L;^-_^remM!iber that if the oxily prime factors of a number 
are 2 and 5, the decimal equivalent of its reciprocal ter- 
minates,) ^ • 
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10. Use the result Exercise 3 tp find the reoainder when 

9 + 16 + 23 ♦ 30 + 37 is divided by 7. Check your result 

-by computing the sum and dividing by ?• 

<, ■ ' ■ ■ 

11. Use the results of the previous exercises to show that 

20 in A 

10 - 1 is divisible by 9, 7 . - 1 is, divisible by 6. 

# . ' . » . 

12. Using the results of some of the previous exercises if you 
wish, shorten the method of showing^ that a number is divisible 
by 9 if the sum of its digits is divisible by 9. 

13. Show why the remainder when the sum of the digits of a num- 
ber is ^ivi^ded by 9 is the same as the remaii^d^r when the 

number is divided by 9. " 

\ 

3-3. Why Does Casting out the Nines Work? 

First let us review some of tije important results shown in 
the exercises which -you did above. In Exercises 2 , you showed 
that to get the remainder of the sum of two i^umbers,. after divi- 
sion by 9, you can divide the sum of their remaindet's ,by 9 and 
find its remainder. Perhaps you did it thr^s way (there is more 
than one way to do it; yours may have been better). You know in 
the first place that any natural number may be divided by 9 to 
get a quotient and remainder. For instance, if the number is 
7.2 5, the quotient is 80 and tfie remaihSer is 5. Furthermore, 
725 - So X 9 + 5 and you could see from the way this is written 
that 5 is the remainder. Thus, using the numbers in the exercise, 
you would write '69 - 7 X 9 + 6 anpi 79 - 8 X 9 + 7. Then 69 ♦ 79 - 
7 X 9 + 6 + 8 X 9 7. Since the sum of two numbers is commutative, 



ERIC 



you may reorder the terms and have 69 + 79 ■ 7 X 9 + S X 9 ♦ 6 ♦ 7 
Then, by the distributive property, 69 + 79 - (7 B) X 9 + 6 ♦ 7. 

« 

Now the ^remainder when 6 7 is divided by 9 'is 4 and 6 + 7 can 
be written 1X9 + 4. Thus 69 + 79 • (7 + S + 1) X 9 + 4- So, 
from the form it is written in, we see that 4 is the remainder 
vriien the sum is divided by 9« It is also the remainder when th^ 
sum of ^the remainders, 6 + 7| is divided by 9- 

Writing it out in this fashion is more work than making the 
computations the short way but. it does show what is going on and 
why similar results would, hold if 69 and 79 were repladed by aijy 
.other numbers, and, in fact, we could re^place 9 by^any other r^ynj- 
ber as well. One way to do this is to use letters in place of the 
nuajbers. This has ^yio advantages^. In thfe first place it helps 
LIB be sure tlylt we di4 not make use of the special properties of 
the numbers we had without meaning to do so. Secondly, we can, 
after doing it for letters, see that we may replace the letters 
by any numbers.. So, in place of 69 we write the letters a, and 
in {>lace of 79, the letter b. When we divide the number a by 
9 we would have a quotient and a r^ainder. We can call the quo- 
tient the letter q and tHe remainder, the letter r. Then we 
have 

a.- (q X 9) + r 

where r is zero or some natural nuiliber less t^an 9. We could do 
the same for the number b, but we should not let q be the^quo- 
tient since it might be different from the quotient when £ is 
divided by 9/ We h ere could call the quotient q' and the re- 
mainder r* , Thefn we would have 
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b - )^ 9) ♦ r». 

Theh the sum of a and b will be . • 

a b - (q ♦ r + (q» X 9) ♦ r» . - 

W6 can use the commutative pitoperty to have 

a + b - (q X 91 + (q» X 9) + r + r» 

and the distributive property to have 

a ♦ b - (q + q») X9 ♦ r + r». 

Then if r + r* were/^l^ided by 9, we would have a quotient which 

we might call q" and a remainder r*. Then r + r* * (q* X 9) 

r* and 

^ a + b • (q + qM X 9 + (q* X 9) + r" 

- (q + q' + q*) X 9 + r«. 
Now r* is zero or less than 9 and hence it is not only the re- 
mainder when r + r* is divided by 9 but also the remainder when 
a ♦ b is divided, by 9. So as far as the remainder goes, It does 
not matter whether you add the numbers or add the remainders and 
divide by 9. 

The solution of Exercise 4 goes the same way as that for 
Exercise 2 except that we multiply the numbers. Then we would • 
have 

' 69 X 79 - (7 >f 9 + 6) X (g X 9 + 7) 

- 7 X 9 X (^X 9 + 7) + 6 X (a X9 > 7) 

-7X9X^X9 + 7X9X7-^6X^X9 + 6X7. 
The first three prgducts are divisible by 9 and by what w^ showed 
in Exercise 2, the remainder when 69 X 79 is divided by 9 is the 
same as the remainder \^en- 0+0->-0 + 6X7is divided by 9. So 
in finding the remainder when a product is divided^by 9 it makes 
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no difference whether we use the product or the product of the 
remainders. 

If we were to write this out in letters as we did the sum, 
it-wpuld look like this: 

a ^ b - (q X 9 * r) X (q' 9 + .r» ) 

- q' X 9 X q' X 9 + q X 9 X r» + r X q* X 9 + r X r» . 

Again each of the first three produc.ta 4^ divisible by 9 and hence 
the remainder when a X ^ is divided by 9 is the same as wheti 
r X r» is divided by 9. ' ^ ■ . 

i 

"Itfe used the number 9 all the way above, but the same conclu- 
sions would follow just as easily for any number in v> place of 9, 
such as 7, 23, etc. We could have used a letter for 9 also but 
this seems like carrying it too far. 

There is a shorter way of writing some of the things Ve had 

above. When letters are used, we usually omit the multiplication 

sign and write ab instead of a X b and 9q in place of 9 X q. 

Hence the last equation above could be abbreviated to* 

' , ./ 
ab - qq»9 X 9 + qr»9 + rq»9 + rr» ; 

or \ • " 

■ ab - 9 >: 9qq* + 9qr» + 9rq» .+ rr» . 
But this is not especially important right now. 

"So let us sijmmarize our results so far: The remainder when 
the sum of two nuEw^rs is divided by 9 (or any other number) is 
the same as the remainder when the sum of the remainders is divided 
by 9 lor the same other number) , The same procedure holds for 
the product in place of the sum. 
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These facts may be used to give quite a short proof of the 
important result stated in Exercise 13. Consider again the 
number 156,7^. This is written in the usual form: 

1 X 10^ + 5 X 10^ + 6 X 10^ + 7 x 10^ ♦ a X 10 + 2: 

Now the result stated abov« for the product, the remainder when 
10 is divided by 9 is the same as when the product of the re- 
mainders 1 X 1 is divided by 9, that is, the remainder is 1. 
Similarly 10^ has a remainder 1 X 1 X 1 when- divided by 9 and 
hence 1. So all the powers of ten .have a remainder 1 when divided 
by 9. . Thus, by t-he result stated above for the sum, the remainder 
when , 156, 7^ is divided by. 9 is the same as the remainder when 
1 X 1 5 X 1 + 6 X 1 + 7 X 1 + a X 1 + 2 is divided by 9. This 
last is just the surt of the digits. Writing it this way it is 
easy to see that t^'is works for any number. 

^ Now we can use the result of Exercise 13 to describe a check 
called "casting out the nines" which is not used much in these 
days of computing machines, but whic^h' is still interesting. Con- 
sider the- product ^67 X 934. We indicate the following calcula- 
tions: . . 

a67. sum of digits: 21 sum of digits: 3 

934 sum of digits: I6 sum of digits: 7 

Product: ^09,773 Product: 3 X 7 - 21 

Sum of digits: 3+0+9+7+7+3-39 

Sum of digits: 3 + 9 12 

Sum of digits: l 2 - 3 ' Sum of digits: 2 + 1 = 3. 

Since the two results 3 are the same, we have at least some chefi?k 

... I 

on the accuracy of the results. • ; 



3-3 . 59 



1 



Exercises l-l ' 

X 1, Try the method of checking for another product. Would it 

also work for a sum? If so, try it, also. ' . 

.■ i> " 

"2. Explain why this siyjuld come out as it does, 

3. If a- com put,at ion checks this way, show that it still, could be 

e wrong. That is, in the example given above, what wotild be an 
incorrect ^oduct^hat would still check? 

< ■ 

4. Given the number 5*7^ + 3-7^ ♦ 2*7^ ♦.1«7^ 4*7 + 3. What 
xis its remainder when it is divided by. 7? What is its re- 
mainder when it is divided by 6? by 3? 

5. Can y4u find any short-puts in the eajgrn^iple above analogous to 
^ " casting out the nines? 

6. In a numeration system *to the bas> 7 what would be the result 
corresponding to that in the decimal system which gives cast- 

i , ing out the nines? 

» 7. The following is a trick based on casting out the nines. Can 
you see how it works? You ask someone to pick a number — it 
might be 167^. THen you ask him to form anotier number from 
the same digits in a different order — he might take 6I87. 
Then you ask him to subtract the smaller from the larger and 
give you the sum of 'all but one pf the digits in the result. 
(He would have 4509 and might add the last thr^e to give you 
14.) All of this would be done without yoilrseeing any of 
the figuring Then you would tell him that the other digit 



in the result j.s 4. Does the trick always work? 

One method of shortening the computation for a t&st by cast- 
ing out the nines, is to discard any partial sums which are 9 or 
a multiple of 9. For instance, in the example given, we did not 
need to add all the digits in SlO,645. We could notice that 
8+1-9 and 4 + 5v ■ 9 and hence the remainder ^en the sum of 
the digits i^ divided by 9 would be 0 + 6, vriiich is 6. Are there 
other places in the check wh'ere work <^ould have been shortened? 
We thus, in a way, throw away the nines., It was from this that 
the name "casting out the nines" came. 

By just the same principle, in a number system to the base 7 
one would cast but the sixes, to the base 12 cast out the elevens 
etc. c 

^-4. Divisibility by 11 ^ 

* ^ » * 

There is a test for divisibility by 11 v^ich is not quite so 
simple as that for divisibility by 9 but is quite easy to apply. 
In fact, there- are t^J^ests. We ^ ha 11 start you on one and let 
you discover the other for yourself. Suppose we wish to test the 
number 17945 for divisibility by 11^ Then we can write it as be- 
fore , ■ ' , 

^" l.loVj^J^O^ + 9-10^ + 4«10^ + 5. 

The remainders when ip^ and 10^ are divided by 11 are 1. But the 
remainders when 10, 10^, 10^ are divided by 11 are 10. Now lo' is 
equal to 11 - 1. 10^ « 10^ (11 - 1), lo^ - 10^ (11 - i). ; That 
is enough. Perhaps we have fold you too much already. It is 
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your turn to carry the ball. ^ . 

Exercises 

1. Without considering 10 to be 11-1, can you from the above 
devise a test for divisibility by 11? * 

2. Noticing that 10 » 11-1 and so forth as above, can you 
devise another test for divisibility by 11? 

We hope you were able to devise the two tests suggested in 
the previous exercises. For the first, we could gro^up the \iigits 
and write the number 17945 as 1 X 10^ + 79 % 10^ ^ 45. H^nce the 
remainder when the number 17945 is divided by 11 should be the 
same as the reaminder when 1 + 79 + 45 is divided by 11, that 
is, 1 2 + 1 - 4. {2 isv the remainder when 79 is divided by 11, 
etc.) This method would hold for any number. , 

The second method requires a little knowledge of negative 
numbers {either reviewthem or, if you have not had them, omit ' 
this paragraph). We could consider - 1 as the remainder when 
10 is divided by 11. Then the original number would have the 
same remainder as the rejiainder when l + 74-l)^ + 9 + 4(-l) 
+ 5 is divided by 11, that is, when 5 - 4 + 9 - 7 + 1 is divided 
by il. This last sum is equal to 4 which was what we got t^ie 
other way. By this test we start at the\right and alternately 
add and subtract digits. This is gimpler than the other one. 
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1. Test several numbers for diTisibility by il using the two 
methods described above. Where the numbers are not divisible, 
find the remainders by the method given. 

2. In a number S3rstem to the base 7f what number could we test 
for divisibility, in the same way that we testedXfor 11 %ti the 
decimal system? Would both methods given above \^rk\^ :^or base 
7 as well? ■ ' ■ ' \ ' ' 

3. To test for divisbility by 11 we grouped the digits ik pairs. 
,,What number or numbers could we test for divisibility by 

grouping the digits in triples? For example we might con- 
sider the number 157^92. We could f onn the sum of 157 and 
For v^at numbers would the remainders be »jhe^same? 

4- Answer the questions raised, in Exercise 3 in a numeral system 

t 

to base 7 as well as in a numeral system to base 12. 

5* In the repeating decimal f9r 1/9 in the decimal system, there 
is one digit in the repeating portion; in the repeating deci- 
mal for 1/11 in the decimal system, theVe are two digits in 
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the repeating portion. Is there any connection between tht 
facts and the tests for divisibility for 9 and 11? What would 
be the connection between repeating decimals and the questi«ns 
raised in Exercise 3 above? . 

6. Could one have a check in which 11 's we^e "cast out?" 

7. Can you find a trick for 11 similar to that in Exercise 1 above? 



3-5. Divisibility by 7 

There is not a very good test for divisibility by 7 in the 
decimal system, (In a niiineration syst^ to what base would there 
be a good test?) But it is worth looking into since we can see 
the connection between tests^ for divisibilitjr and the repeating 
decimals. Ckjnsider the remainders when, the powei-s of 10 are divid- 
ed by 7. We put them in a little table: 

n 1^23456.7 



Remainder when 3 2 6 4 5 13 
10° is divided 



by 7 



If you compute the decimal equivalent for 1/7 you will see that 
^he remainders are exactly the numbers in the second line of ti^W 
tabl^ in the order given. Why i^.-^is so? This means that if we 
wanted to find^ the remainder wi|en 79^4^2 is divided by 7 we 
would write , . 

7 X 10^ + 9 X Ip^ + g X 10<^ + 4 X 10^ + 



5 X 10^ + 3 X 10 + 2 



^nd replace the various polers of 10' by their remainders in the 



table to get 



7X1 + 9X5 + ^X4 + ^X6 + 5X2 + 3 X3 + 2. 

We would have to compute this, divide by 7 and find the rema,.i^r. 
Tha^i^ld b^as JKich work as div^ing 7 in the first place. 
So this is not a practical test but it does show the relationship ' 
between the repeating decimal and the test. 
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Notice that the sixth ^power of 10 has a remainder of 1 when 
it is dividtfa by 7. If instead of 7 aome other number is taken 
. which has j^ither 2 nor ,5 as a factor, 1 will be the remainder 
when some power of 10 is 'divided by that number. For instance, 
thei'e is some power of 10 which has the remainder of 1 when it 'is 
divided by 23. This is very closely connetJted with the fact thai; 
•the remainders must from a certain point on, repeat* Another way 
of« expressing this result i-s that onef can form a number completely 
of 9's, like 99999999, whichXs divisible by 23- 



Complete the following table . In*doing this, notice that it 

10 ' . s 

is not necessary to divide 10 by 17 to get the remainder whe^n it 

., ■ » • ' . - 

is divided by 17- We can Compute each entry from the one above, 

like this: 10 ^is the remainder when 10 is divided by I7; this 

is the first entry. Then divide-10^, that is, 100 bjn 17 and aee 



that the .remainder is 15. But we do not need to divide lOOO by 
17. We merely notice that 1000 is 100 X 10" and hence the remainder 
when 1000 is divided by 1? is the same^s the ' remainder when 



15 0^ 150 is divided by 17. This rema^er is 14 • To find 

the reirrainder when 10^ is divided by 17, notice ^hat 10- is equal , 
to 10-^ X 10 and hence the remainder when divided by 17 is the same 
as when 14 X 10 is divided' by 17, that is 4. The table then gives 
the remaindehs when the powers of IQ. are divided by various 



numbers . 
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19 21 37 



101 41 



reDpt^^^ieciinals for 1/3, 1/7, 1/9, l/ll, 1/13, etc. and 
intern pf the , remainders . W^y does' the-'talDie show ttmt • 



)^rfve digits iii^ihe repeating portion of. the decimal*- 
-^^sr.vj'.&^^fgif Will there l^e^some other fraction 1/? which will have 
^ a rej^i^^^^i^^ihal with five digits in the repeating portion? 
How would yd^ll^W;-^.. i^^^ l/? -which -would have six -digits 



in the repeating portion? 
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If you wish to. explore these things further and find that 

t m 

you need help, you might begin to read s<me book on the -theory 
of numbers. Also there is quite a little material on tests for 
divisibility in '♦Mathematical Excursions" by Miss Helen. Abbott 
Merrill, Dover (195^).' 
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SUPPLJ34ENTARY UNIT 4 



GRAPHS: 0?EN ANU GLOSED PATHS 

4-1. The Seven 'Bridges cxf^Kttnigsberg 

Here ils a sketch of the map of the German city of KOnlgsberg 
(now caried Kaliningrad). Find out' why. 

y • • • ■ • ■ ■ ' . 





Figure 1 



As you can see, a river goes through the city and divides 
into two branches on the east side, and there is an island in 
the middle of %\)& river. There ar^ seven bridges connecting the 
island and the ;^^'ig|^«i-^^t parts of the mainland. 

great Swiss mathematician Euler (When did he live? J 
became court mathematician to^Frederick the Great (Who was he? 
Why was he important?), a dele^tion came to him with a question^. 



In thil chapter we shall u^ the word "graph" with a mean- 
ing different from that in Unit 1, Mathanatics for Junior Hi^h 
School r Volume IJ,. v. . ^ 
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jerson go through the city of Kttnigsberg in such a way as 
to^..pffS^ over each bridge exactly once? We have worked for years 
on this problem and have neveV found an answer.* (This problem 
was mentioned in Chapter 1.) 

Euler replied, "Let me think. "The exact shape of the differ- 
ent partsof ih^ :ity doesn't matter. It would be simpler to rep- 
resent them by points and the bridges by lines: 




Figure 2 



Of course, we only need to show how the '|)arts are connected by 
the bridges. We can lab||J. the bridges, say, 1, 2, 3, 4, 5, 6, , 

and 7. We could describe a path by a sequence as 

A1C3D4A6-B52G 
showing the points in the, diagram and the bridges over which the 
path passes, in the proper order. For example, this sequence 
stands for a path which starts at A, passes over bridge 1 to 

;3 to D, and so on. 



C, ther^ .|QM;,.«^^^ 

"Tfmmmon is «(kn 



ili^ri^^^fon is,'*C3an we write such a sequence of letters and 
numbers in which each number. ,a,ppears /just '<)nce?" . • 

The men'frofc KCttl!|Bberg were amazed. Their jaws dropped in 

• 73 
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surprise. "Of course,** they exclaimed. "It is really very sim- 
ple, nov^ tt^at you explain it. If we had only thought of looking 
at the problem in this way, we could have solved it ourselves^;^'^ 
They went home and tried to finish the problem. 

That evening they sat around a table discussing /the problem. 
One of them said, ''Let us try some simple case first, just to 
get' the hang of it. In ^is diagram 




Figure 3 

the path A 1 B 2 G 3 A goes over every bridge just once. It is 
a closed path because it comes back to the starting point.** 

Another man 'said, "I can't find a good path in this diagram: 




Figure 4 



er|c 



Is this one impossible^'' do ^ you think? 
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A third man remarked, "You could take the path 

A1B2C3A4D5C. 
It is an Qjusu. P^tth because it doesn*t come back to the starting 
point. In this diagram ther^ does not seem to be a closed path 
which goes over each bridge exactly once.* 

In this diagram 



D 




Figure 5 

they could find neither a closed nor an open path. They worked 
hard until way past midnight, and still couli not solve their 
problem, 

J ■ ■ ■ ^ 

The next day they came back to Euler and said*, "We have been 
thinking about the problem, but still can*t seam to solve it. 
There must be some simple idea which we have overlooked. If you 
could just get us started on the ri^t track, we are sure that we 
can solve it ourselves.* 

Euler replied, "All right, let us look at Figure 4 where 
there "is a path which goes over each bridge once and only once, 
■^he path is described by a sequence of letters, for the points, 
and numbers^ f or* the . bridlgea . Each number appears just once in 
this sequence because the path crosses each bridge just once.* 

"Sure enough,'* they said, "in the sequence 
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A1B2C3A4D5C 
each number appears just once. The same is true of the sequence 

A1B2C3A ^ 
in Figure 3." " - ' • ', 

* • ' ' 

Euler said, "Look'at these sequences more carefully. IKhat 
comes before each letter except the first?" 

•*A number,* they answered. •*This corresponds to a bridge 
leading to the point." 

"IVhat comes after each letter except the last?" 

'•A number, of course. There is also a bridge leading away 
/ from the .pi>int 

•^How many bridges are there for tach time thef>ath goes 
through a point?"- . " 

"Two bridges. We come into the point on one bridge and go 
away from it on another tfridge. For each time a letter ^appears 
in the pajth, except at the beginning or end, there are two numbers 
for thesis t*^bridges." 

n * 

Euler suggested, "Leut us call all points of the path, except 
■ for the two endpoints, innefr pointb. Then for each inner point 
of the path there ^jje two bridges. Suppose the point B appears 
three times as an inner point of the path. For instant, look 
at this diagram ^ *" ' 
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Figure 6 V 

and the'path A1B2C7D'3B4E9F5B6G10F13H 12 'E ■ 
$ J) 11 li. How many bridges 'are connected to* B?«* 

"Six,* "Answered the men from Kttnigsberg. 

"How did you get that?" asked Euler. . 

"We simply multiplied the number of times t^he point appears 
by 2, the nura^r of bridges connected with the point at each 
appe'^rance.* 

"Will this always i work?" Euler contj.nued. 
"Yes, for every :|.nnei: point of the path." 

j 

"What kind of nuajber do you get when you multiply some number 
by 2?" Euler asked again. . 

• ^ 

."Obviously, an even number.* ihe men from Kftriigeberg looked 
at each other, pleasantly surprised. "Then the total number of 
^bridges leading to or from any inner point of the path must be • 
even. Any child could see thatl" 
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••What about the endpoints . the first and the last point?" 

They thought for a moment. "Let us see. There is a bridge 
leading from the first point. Then every other time the path 
goes through this point, there are two bridges. So the total 
number of bridges connected to the first point is one more than 
an even number. In other^ words, it is an odd njimber. The same 
is true of the last point." 

Euler questioned them further. "Are you satire? Mus\ the 
first point be different from the last point?" 

They smiled. "Of course not. Thanks for reminding us not 
to overlook that possibility. If the path is closed , that is, if 
it comes back to the starting point, then that point will be like 
any inner point of the path. Then the number of bridges to or 
from that point must be even." 

Euler suggested, "It might be a good Idea to summarize v^at 
you h^ve f.igured out so far." 

They said, "All right. If the path is closed^ then there is 
an even number of bridges connected to each point. If the path 
is open , then each of the two endpoints must have an odd number 
of bridges. Each of the inner points is connected to an even 
number of bridges. Now that we think of it, -the problem is ab- 
surdly simple." • • 

The men from Kftnigsberg bent over the diagram and began 
counting. "^The point C is connected to bridges 1, 2, and 3, 
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the point. D to bridges , the point A to bridges 

- I and the point B to bridges .. S There are 

points connected to an odd ntimber of bridges and . ' " points 



connected to an even number of bridges. Is a closed path possible? 

_ or no?) Is an open path possible? ^ ( Yes , ^j^r^n^) 

Such an easy problem, after all!" (Fill iiLthe blanks yourself.) 

After thanking Euler, the merry gentlemeh from Kftnigsberg 
went home. On the way, one of them said, '•I don»t see wby Euler 
has stnzft a great reputation. We really worked out every 1 step of 
the problem ourselves. All Eule^ did was to suggest how Ito look 
at the problem and ask the right questions." His companions 
nodded and replied, "Yes, the problem was really so elemerf{ary 
that any child could have solved it." 

What do you think? ' ^ 
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Exercises 4-1 



Here are some diagrams with some points connected by bridges 
in various ways. 



^ K 
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Figure 7 
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1. (a) For each diagram list the points which are connected to 
an even number of bridges, 

(b) List the points connected with an odd number of bridges. ■ 

(c) How many points of each kind are there^ in each .'diagram? 

2- ■ (a) ^In which diagrams is it impossible to find a closed path 
which goes over every bridge just once? 
(b) In which diagrams is it impossible to find an open 'path 
of this kind? ^ ' ' . 

3. For each of the diagrams where it might be possible to have 
a path g^ing over each bridge exactly once, look for such a 
path. If you do find a path, describe it by a sequence of 
letters and numbers, V. 

4. For each of these diagrams find a closed path starting at 
the point B which goes 'over each bridge just once, and 
which goes over the largest; possible, number of bridges. 



.5. In Figure 4 there are three other paths from A to C which 
\^ go over each bridge exactly once. One of them is described 
by the sequence A4D5C2B1A3C. Find the other two. 

4-2. What Happens if There Is a Path ^ 

A set of points ai^d bridges, in which each point has at least 
one bridge attached to it, we call a grai^ . The points are t;al].ed 
vertices {singular: vertex) of the graph. A vertex is called * 
eve" if an eveij number of bridges are connected to it. Otherwise 
the vertex i^ called odd. A path is called closed if its last 
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vertex is the same as its first vertex\ Otherwise 'the path is 
called' QPen . Notice that we are using thfe word ••graph" in a 
special way in this chapter. Don't confuse this meaning with 
the mining in Unit 1. Compare footnote bottom of page 67. 

By using the same re?asoning that the men fran Kttnigsberg'' 
used, with Euler's help, you can prove the general stat«ments: 

' V V * 

Theorem 1. If there is-,^ in a graph, a closed path which goe 
over' each bridge just ones, then every vertex is even. If there 
is an ^pen path of .this kind, then there are two odd vertices,, 
and all the .rest are even. ' , . . 

(A theorem is a statement proved by logical reasoning.) 

Exercises L-Z 

1. In the graphs of Exercises 1, name the odd and the even' 
> ■ ■ . * ■ 

^vertices. How many odd vertices are there in each graph? 



Does there seem to 'be a general principle? ^ 

2,^, State a general principle about the number of "odd vertices 
in any graph which seems to be true in all 'cases. Di^w five 
more, graphs, and test whether your statement is true in, each 
case. Compare your results with those of your classmates. " 

In any graph you may classify the vertices more precisely 
according to the number of bridges connected with each one. The 
number of bridges }^ding to or from a vertex we shall call the 
iiagrs^of the vertex. In Figure 2 vertex A is of the 5th degree, 
whereas ^he others^ are of degree 3, 

82 ■ 




3. For each of 'the graphs you hsive drawn, make a table showing 

r *• * • * 

sber of vertices of each degree,, like this: 
degree number of vertices 

■. ■ 1 x . ■ , ■ ■ " . . ■ 



5. 



6. 



'5 



etc . . 



How is- the total number of vertices related to the numbers 
in the right hand column? 

f 

4. Call the .total numbec;^of vertices in a graph V. Let . -V^ 
be the number "of vertices of degree 1, V« the number of 



Uegree»2, etc. (The numbers' V,, are the 'numbers 

in the ri|Jit hand column in the above table^ llxpr^ss "^e 
relation between V an^ the numbers V-j^, etc. as a/i 
equation, \ ' ' ; • ' ■ ' '. V. A 

Take any graph. Labfel the bridges^ with numbers anA the ver- 
tices with .letters. List ali pair^ consisting of a 'vertex 
and"'a bridge connected to it.. -In Figure 2 the pairs are 
.named: ■ ■ . >*=^ 

.1, A2,>4,. AS.'^Ae,' B5,' B7, CI, G2, C3, D3," D4, D5. 

In Exercise^ 5, in, how many ^'irs does a given bi^idge occur? 
Hbw is the number of p^irs related to the number of bridges? 
Let B be the number of bridges. Give , a formula for the 




^ 79 

number of pairs in-t^rms of B. - > ■ 

In Exercise 5, in how many pairs does a given vertex o*f degree 
3 occur?, In how many pairs does a given vertex of degree k 
occur? What is the total ntiaber of .pairs in which a vertex 
■of degree 3 occurs? What Is the total numl^er of pairs in 
i(^ich a vertex c^f degree k occurs? 

Give a formula for the total number of pairs in Exercise 5 
ill terms of the numbers V, , Vo. 

Give a formula for the total number of odd vertices in terms 

of V V • • ♦ 

1* 2* 3* ' • " 

J ' • • 

tet U be the totals number of odd vertices. Give a formula ' 

for the number {2-B) - U in terms of \/ \, ^3, etc. 

pan you use the formula in Exercise 10 to^ prove the principle 
•you discovered, in Sxercls6 2? 
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4-3. When Can You Be Sure That There is a Path? 



According to Theorem 1, if there is a closed path in a graph 
which gaes over each fridge exactly once, then > certain thing is 
true. This is a necgs^^rx condition that there be such a path in 
a graph. If a graph does not satisfy this condition, namely that ' 
all its vertices are e.ven, then we 'are sure that there is no ^closed V 
path going over eac^ bridge ijust once, 

• • • 

Is this conation 8Uff4yj,9ntT If all the vertices are even " 

does there exist a path of this kind in the graph? E^ine all ' 

the graphs you j4ave. drawn so far. Find the ones which h\ve only 

even vertices. Can you find, in each one of these a closed path 

going over each bridge pnce and only once? Can you draw a ' x 

C<?Ufltgrexamp]^, a graph with only even vertices in **ich there is 
no such path? 



r 



. Does it seem as though the ccxidition that the graph have no 
odd vertices is sufficient? Coapare your cone iusiorlsyith those 
of your classmates before^ you turn this page.*^ ' 
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Look at this graph: 



] 





Figure S 



Are there any odd vertices? Can. you find a path which goes oVer 
every bridge just once? In fact, Is there any path which goes 
over both bridges 1 and 4? If you are not sure whether this is 
a graph*, reread the definition of a graph. Th^s will teach you 
why we mu^t be so ca-re'ful in mathematics to say exactly \^at we 
mean. ^ 




' The'tr|>uble With Figure 4 is that it is made up of two separ 
rate pieces. There is, no use looking for a path v^ich goes over 
every bridg;e unless the graph is connected. We say that a graph is 
connected if every vertex can be joined to »any opher vertex by a 
path. In Figure 4 the vertex A can, be joined to B and C, 
but not to any of the othei< vertices. 



turns 4a4it that if a connected graph has no odd vertices, 



then .there is a closed path which goes over every bridge exactly 
once. We si^il liad. yo-u to discover the proof in two stages. 



\ 



The orem 2. If a. grapi has no odd vertices, then through 



every vertex there is d closed pat^ which dqpsn^t go over any 



bridge twice. 



... ... > 

£m£: Suppose is a vertex of the^graph. Find the 

longest path (measure(i by the number of bridges in It) which 
> starts at and doesn't^go over any bridge more than once. 

Suppose, fsr example, that this, path has 7 bridges in. it. We 
^ could describe the path roughly like this: 

^ Here the subscripts simply help us name- the vertices. For example 

, is the second vertex. We did not bother to" write the numbers 

of ^the bridges between the names of the vertices. Now suppc^e 

is not the same as Q^. ^ Is this p^th open'or closed? Is Q^' 

8 

^n inner point 6r an endpoint of this path? What do yoU know 
. about the number of bridges 'connected to an endpofnt of a path? 
What was assumed about the total number of bridges connected ta " 
an^y point of the graph? XIan this path contaiji^ll the bridges 
• ^ conneo^ted to Q^? ^ , 

If not, then^her.e is at least one more bridge in trhe graph, 
connected. to but not in this path. If we go over this bridge, 

too, €hen we will have a path J - 

' ■ " ' ^ ^i^WsWsS . \ '''' 

starting at with g bridges. This contradicts o^ assiimpti. 

that^ the longest path, smarting at Q^, in the graph 
. bridges'. - " * ^ J' , - ^ 

Since we got into a contradiction by assumii^ that Qg was 
not thp same as .Q^, then this assumption must be false.. There- 
for», 9g is .the same as ^ so this is a closed patfh through ' 
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which doesn't go over any bridge twice'. 

Now you are ready for the second stage: ^ 

" / ■ 

Theorem 3. If a gpmected graph has only even vertices, 

\* ' i 
then there is a closed path, ^oing over every bridge Just once. 

^ . ■ ' . • \' 

Proof ; Suppose you look at the longest such path in the 

graph. Color the bridges and vertices of this path blue. 

this path does not cor^^tain every bridge, then color in red all 

bridge^ which are not in this path, We are going to assume that 

there is a red bridge, -^and see what follows. We claim that there 

is a purple vertex, that is one colored both blue and red. 

To see this,*^*^ke any red bridge and some blue vertex P. 
Since the ,graph i^ connected, there Js a path joining either ver- 
tex, s_a^' Q'^ of the given red bridge with the vertex. P. Look 
at the Ikast red bridge in this path. Suppose it leads from thd| 
vertex R to the vertex Si Since this bridge ^ red, then 3 
iVjColored red. But the next br;iidge in the path is blue.^'^e^e- 
*for|e, _S is. also blue. So S .is purple.. 

Now look at the graph made up of the red bridges^ '^Tch we 
( ' . . . ' ^ ' , ■- ■ 

call ca'll- simply ^e ^red graph . Siht^e the blue path is closed, 

there is an even numoer of blue bridges connected to each of its 

♦ < ' - 

vertices. Since 'the total number Of* bridges , connected to any ver 
^te:^ of the original graph is even, that leaves an even num^)er of 
red bridgjes (possibly Oj cojinected to any vertex. 
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Therefore in the red graph, there is an even number of 

bridges connected to^each vertex. We can apply Theorem 2 to the., 

' . • ^ • - *. 

red graph. Hence there is a closed path in the red graph through 
y^he purple vertex S. We have then a picture like this: 




Figure 9 ^ 

Then the path PABSGHQJRSGDEFP is a closed path 
which doesnH go over any. bridge more than once. This path is 
longer than the blue path. This is a contradic'tion sinfl-e the 

V 

blue path was- supposed to b^ the longest. such| closed path in the 
gpaph. ' . • ^ 



. . got into trouble by assuming that the blue. path did not 

. - , .... ' . ■ - i ' ' • 

con^.ain all the bridges. Therefore, it' does contain all of^them. 

So the bliie'path is thfe one v»e were looking tor* 

* 



BRAINBUSTER: 'Prove. that if ^a connected grjiph has. 2 , odd vertices, 
■(and all' the rest even, then there is an open^ path which goes over 
every bridge "exractly onCe. - " . • 



4-4.' Hamiltonian Paths 

^ There is another problem Wiich sounds no more difficult than 
Euler*s prol>lem. Yet no an e knows the answer. Because the first 
problem of this kind was solved by the great Irish .mathematician, 
Sir William Kowan Hamilton (When and where did he live?), the 
paths we seek are named after him» ' 

A Han^iltonian is a graph in a closed path which' goes^ 

through every vertex of the grglph without going over any bridge 
more than once. A Hamiltonian path do0s not have to" go over, 
every bridge in the graph,- Figure 10 shows a ^raph with a Ham- 
ilt®nian path: - ■ 





' • . '^Figure 10 

The dotted lines represent brijges which are not in the Hamiltonian 
path. . ^- , ■■ • , ' ^ Y ' 



Sxercise L-L 



, .In vSixch of" the following graphs is there is flamiltonian 



path.? 



(a) ^ " (b) (c) 




Figure 11 

A necessar^y and sufficient condition for a graph to contain 
^ Hamiltonian pa|ih is unknown. This is one way. for you |o become 
%ibrld" famous overnight; Good luck to your efforts! We hope ybu 
have lots of tun trying. ^ 
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SUPPLEMENTARY UNIT 5 



\- ■ 



FINITE DIFFERMCES 

5-l» Arltihmetic Progressions 

' • • ■ 

Suppose we look at a few interesting sets of numbers to 
begin with, and take differences of successive numbers: 

Table I 

' 1 2 3 4 5 6 ... n (n 1) ... 

1 1 <>" 1 I'l 1. «•• 

Between each pair of numbers 'land on the line below it we write 
the difference: ' 

2 —1 - 1, 3 - 2 - 1, 4 - 3-1, ... . 

It begins to be monotonous after- a while. \fhy did* we have the 
, number n? It was just to indicate any number (n' stands for - 
•^any" ) The next number after n would be (n 1) since in 
this •'sequence" you get each number by -addir^ 1 to the number be- 
fore. (When we have a set of numbers in some o^er, we call it a 
"sequence.*) What*^ would be the next one after (n + 1)? \ftiat 
would ]pe the , one before . n? ' You should rfead this unit with a^ 
pencil and sheet -of paper at hand so that you may. answer these 
questions as they occur^ You may also have' questions of yours ovm 
which you would like to try to answer • 



- ^. There is nothing' especially Estrange about the differences 
being l*s since^each time you added 1 to get the next entry. 
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Could you write a sequence in which all the differences are 2»s 
or 3»s or any other number? Any sequence for which the difference 
between successive numbers is the same every time is called an 
arUl^ffe^jg progression. 

Let us look back to the nunbe^rs of Table I. There is a 

• ^ ; 

connection with the game of ten pins or bowling. Look at the 
triangle of dots below: 



• • • 
• • • • 



If we omitted the last line we would have the^. usual arrangement 
of ten pins in a bowling alley. If there were just one row we 
would have the number 1, if two rows the number 3, if three rows 
the number 6, etc. These ar^ called /•triangular numbers." We 

V 

4 J 

write these in . ' . 

' • Table II * ' • 

- 1 3 6 10 15 21 ' 23 ... ^ 
Differences 2 3" 4 5 , '6 j 

If we compare this table with Table ^ I we can notice a number 
^V^f" interesting things. The first entries in the two table?; are 
each ,1. The second entry in Table II is the sum of the firs-t two 
entries in Table I, the third entry in Table .11 is the sum of the 
first three entries in Table I~ e^c. The tenth entry i^ Table II 
would be the sum of the first r^en entries in Table I.' We could 
also say ttiat thein-th entry in Table II (we do ' not yet have a 
formula for it) is the sum of the first n entries in Table I. 



Another thing we notice in comparing the two tables is 
that the differences in the second line of Table II are. the same 
as the entries in the first line of Table I except for the first 
one. Why is this sip? Of course if we had written in Table II a 
third line giving the differences for the second line we would 
have had a succession of l*s as before. 

Now we could find the sum of the first ten numbers in Table 
I by adding them - this would give us the tenth entry in the first 
line of Table II, but this would be rather^tedious . Ther^is an 
interesting little trick that will give us our result with less 
effort. Suppose we form another triangle of dots like that above, 
turn it upside down and fit it carefully next to the one already 
written. Then we would have a figure like: 



[ In this picture we have 5 rows with 6 dots/ in each row, 

^ } 
which gives ^ )<■ 6 * JO dots in all. Hence the number off dots 

in the first triangle would be 1/2 X 30,* 15, whtcOi is the fifth 

triangular number. If we wanted the 20tl^ triangular number we 

would' have a triangle of 20 rows. If we make another triangle of 

dots and ,place it as we did for the smaller triangle, we would 

/have 20 roWs ^ith 21 dots ea^h and hence 20 X 21 dots 'in the two 

tria^gl^s together, which implies that in ^ach triangle thers 



would be . , 1/ ■ 4 • 

1/2 X 20 X 21 

^^^^ <« 

dots, SiTTYie Bt?Lh trian^luar number is 210, v^ich is the same 
as the sum of the numbers 1, 2, 3, **• up to and including 20. 

r : ' - 

^ By this means we would find in the same manner the hunger of 

dots in any triangular array of this kind, that is, we could find 
. any triangular number. Let us write a few: 

40th triahgitaar* number: 1/2 -K, 40 X 41 - ^20 
100th triangular number: 1/2 X lOO X 101 - 5050 
120th triangular number: 1/2 X 120 ^ 121 - 726O. * 
In each case we would take the product of 1/^, the number a^d 1 ' 
more than^the number. We could get ^a yTormula by letting n stand 
for the number ayd say that ■ ^ 

the n-th triangular number: 1/2 X n X (n+1) . - 
Then we would get the above three values by letting" n « 40, 
n - lOp, n »/d20. Any triangular, number we could get by using ) 

1/2 n (n + 1) 

^ where this is another way of writing I/2 x n x (n + 1). 

We could also ^t this result without any reference to dots 
^by use of a trick that is- suggested by the triangles- we drew. 
Suppole we wknted the 20th triangular number. Then we co.uld take 
the sum in two different orders: 

1 2 3 4 ... 17 13 19 20' 
20 19 13^ 17 4,3 21. 

The sum of each column is 21, there are 20 columns and hence the^ ^ 
sum of the "numbers in the -two rpws is 20 x 21 and that in each 
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row is one-half of this. We could ao this for any number in 
place of 20 and one waV- o:& showing this would be to write it out 
using ^ for the numja/er in place of 20 6r whatever number we had. 
It would look like th: 

1 2 3 4 ... (nrl) n 
n n-1 n-2 n--3 2 !• * 

The sum of ea<;^ column is n 1 and there are n coluBans. 
Hence the s\m of all the numbers iir the two rows is/ n{n > 1) 
and half this is the sum for each row. 

We shall find still ano?h'er wa^ to get -this^ sum in the next 
section. 

Exercises 5-1 y-x- 
1. Write another sequence of numbers for which the differences 
. : are all l*s. What would be the sum of" the first 20- numbers? 
Can you give a formula for the sum. of th&^ first n numbers? 

r ' V 

\ 

2'. Write a sequence of numbers for which the differences are all 

J. ' ' ' ' ■ . ^ ' 

2»s. What would be;the sum of the first 2D numbers? Can you 
give a fonnula for the sum of the first n 'niimbers? 

I 

3. Consider the formula: 2n + 7 {remember that 2n means 

2 X n). When ^^n - 1, 2n + 7 i-S 2^ 1 + 7 - 9; when n - 2-, 
; 2n + 7. is| 2X2 + 7- 11, etc We can fonn a table >)f values; 

n 1 2 -3 4 5 6 
2n + 7 \ 9 11 13 15 17 19 • ' 

Carry this table out for the next' ^'ree values _of .n, 'Use 
the numbers - 9, 11,' 3^3, **• A« the first rpw of a table and\ 
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then write below this row a row o^ differences,' Do you notice 
any relationship between the formula and these differences? 

4. Do the same as in problem 3 for the fdrjnula 3n + 7, «and for 
2ft + 6. ' ' • . 

■ » 

What would be the differences for the humbei^s defined by the 

\ ' 
formula 5n 7? . • 

6. Write the first 20 odd numbers. Can you find their sum with-* 
out just adding them? Can you guess \fhat a formula for the 
sum of the first n odd numbers would be? Try to prove your 
re^sult. ■ . • V 

7. Give a formula for the sum of the first' n ^ 1 numbers in 

1 ' ■ > 

Table I. - 



d« Find a fonnula for the s^ of the folld^ihg: 

1, 1 + d, 1 + 2d, li^ nd. 



{ 



9. Give S fonnula for the sum of "the following: 

^1, 1 + d, 1 + 2d, 1 - l)d. ' 

10. Find a formula for the sum of the sam^i ^Sequence of the previous 

^ w • 

problem except that 1 is replaced by||[ b# 

11. Suppose the first two numbers in a ta^.^e are 

7 and 12. ' 

• ' * 

Write a table starting with these tWQf|iumbel's for which the ^ 
first "differences are all' thesame,, ttijat is,, "in which the 
numbers on first row are irt an affithmetic progression. 
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12. Write a table of numbers in an a'rithmetic progress ioa -ii* 
which the first two entires are 7 and 5 in that order. 

I 

^ ' ■ f 

f 

131 If; you have any two numl?ers' instead of 7 and 12, or 7. and 
.5, could you make a table starting with the two given 
numbers in which the numbers of the first . row form an arith- 
metic progression? * Give reasons. 

/5-2^. More .Sequences 

I 

f 

Now fonn a table of the squares of the integers . Recall 

that the 'square of 3 "is 9 since 3^3-9, the square of 5 is 

• ' 2 ■ * . ■ 

25 since • 5 5 - 5 - 25, etc. We call them •squares" or square 

nvunbers** because if we wrote our dots in squares instead of tri- 
angles., as previously we would have the following sequence of 
squares: 



4 



Table III 

14 9 . 16 25 ' 36 49 ..A n^ (n ^ 1)^ 
' ' • 3 5 7 9 . il.- 13 .../• w ^ 
2 2. 2 2.-2 ... ' Z 
Notice th^ the numbers here in the second row are in .an arith- 
metic progression and that the differences in, the third row are 
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.11 2^s. We call t hei nmnbei:s in the second ro-w of such a table . 

' I ' /■ 

"first- differences" and thosf in the'thiird row ''second differences." 
What would be the n-th tem^ in the secoi)d row, that is, the entry 

where w is? (w stands fgr "whkt.") This s'hould not ^e hard to 

/' ■ ■■ . ■ 

find since it is the difference of the two numbers above it. It is 

just . * • , ; , . 



(n ^ 1) 



n 



Before gett^ing a simpler expression Tor this difference i of /two 
squares, let us see how it goes for some of the number^. Jii^s'l^ to 
write 36 -J^5 = 11 is not especially enlightening. But suppose we 



write it as 



6^ . 52 = (5 1)2 . .52.^ 



If we use the distributive property_>everal times we have: 
(5 + 1)^ = (5 + 1) X (5 + 1) " 6 X (5 + 1) 

r 

i = '6 X 5 6 ;<,1 =• (5 + 1) X 5 ■ 

/ ■ , + (5 + 1) X l' = 5^ + X 5 5 1 



+ 1 - 5"^ + .2 X 5 + 1. 



AncJ thus 



6*^ - 5 = 5 + 2 X 5 + 1 - 5^ - 2' X 5 + 1. 



Iri just the same way we could show that 



7^ - 6^ 



6^ + ^X6 + l-62=2P<6-^-l, 



ifand see.); So,' putting ^ n in place of 5 or;6.or \^at6ver 
plumber, we have ' . 



\n ^ 1)^ - n^ 



+ 2n + 1 - n^ = 2n + ^1. 



the 



could 'wril^e this" in words; The difference-, between 
squares of two successive integers is 1 more than twice the smaller 
I one. For instgf^ic^: 121^ -,120^ = 2 X,l2b + 1 = ?41. Thii is' a 
•much simpler computation than squaring'^both^numbers and taking the 
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difference. This' can also be shown using diagrams of. squares -in ^ 
dots, but this is left as an exercise.. 

This shows thai the last entry in the s econd row of Table III 

T ■ ■ 

should be 2n + 1. . We mi'ght check this: when n is 1, 2n ^- 1 is 
3; -^en n is 2, 2n + 1 Is 5,^ etc. 

The numbers in, the second row are Xn an arithmetic progres- 
sic|n. If you look carefully, you wili see that each number in 'the 
first, row is 1 more than the sum of the numbers to the left of it 

f ■ • 

in the row bslow. Why is this so? Another way of saying this is 
that the fifth number ii\ the first i'ow i's the sum of the first five 
odd numbers, the sixth number in the fist row is the sum of t^e 
first six 6dd numbers, etc. What yould be th^ sum of the first 
"20 Olid numbers? 

i ■ 

We cart use thi^ tp get the '^formula for the sum of the first 
n numbers in still another way. Start with ■ 
(1) 3 +. 5 + 7 + ... + (2n + 1} (n + 1)^ - 1 - n^ + 2n.v 




jotice that 3 is the value of 2n + 1 when n - 1, 5 is 
the Value of 2n + 1 v*en n - 2, etc. Then we can write the left 
side'of equation (1) as follows: '. 

. ^ {2X 3 + l) + (2 X 2 + 1) + (^-X 3 + 1) + +^ (^n' + 1). - 
If we write this in a different vprder, using the commutative 
property, we have 

2 X ^ +'2 X 2 + 2 X 3 + \. . + 2n + (1 + 1 + 1 + • • + 1) 
where there are ri l*s in the parentheses. Then, from the dis- 
tributive property, this can be written 



^ 2 X (1 + 2 + 3 + ••• ♦ n) + 

If we put this in for the left aide of equation (1)' we get^^ 
the equation: ^ 

2 X. {1 + 2 + 3 + • + n) t n ■ + 2n. 
Subtract n from both sides ^o get 

2 )( {1 + 2 ♦ 3 + •'• * n) - + 2n - n - + n. 

• ^ - " ..... 

.'Finally, if we divide both sidesj by 2 we ^ave 

' ^ 1 + 2 +'3 n - ^(n^ +:n) - |n(n +' 1) . 

which is the formula w^ Had before for the Q-t?h triangular number, 

» * ■ . 

This is, of course, armuch harder way to find the sum of the 

•» first n integeYS ti^an by the other methods. But it does give 

jus a means of finding the ^uifi of the squares; for just as we got 

the sum of the integers by considering thn squares, we should be 

able to get the- sum of the squares of the integers by considering 



a table of their cubes I Let us , try it. ^ 

\ ■ . • . 

Table IV ' • ' ' 

' 1 ^ 27 64 125 216 ... n^ (n + 1)^ 
7 19 37 61 91 ... . w 
12 Id 24 30 ... 

-6 6 - 6^ / * • ' ' 

/ 

Notice that here it is the secbnd differences which form an 
arithmetic progression an'^-the third diffet^ences which are all 
the same. 

The second roW should be connected somehow with the squares 
of the integers. To get a clue for tijis cohnection, we must 



♦ 

determine the formula for the last term in *the second row, 
which we have called w. This is just 

{n + 1)5 - n^. 

» 

To work this Qut, 'let c tejaporaril;y stand for (n + 1}^ and 
have 

(n + 1)5 - (n + 1) X {n + 1)^ - (n + l)\x c . ' 
*nxc+lxc'-'nxc+c. 
We found previously that* (n + 1)^^" n^ + 2n +' 1, and replacing 
0 by this, we have- 

(n + 1)5 - n X (n^^+ 2n + 1) + + 2n +^1 
L < ' - n5 + 2n^ + n ♦ n^ + 2n + 1 , 

■ =^-n5 + 3n^ + 3n + 1. . 

Thus ^ 

(n ♦ 1)'5 1 n5 • n^ + + 3n + 1 - n^ - 3n^ + 3n + 1. 

• - . (■ . ' 

To check this, let us fofia a little table of values: 



# 

1 



1 

3n^ + 3n + 1 7 19 37 61 ^ 



which checks with the second row of Table IV. 

jFrom.this we are now going to work out the following fojTnula 
for th'e sum of the first ,n squares:* ' • 



s 



2n5 ■»• ^n^ ■!• n 
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If you find the algebra too difficult, you can just assume the 
formula and go qn to the exercises- after che^^ng the formula for 
a few values of n. . • 



3 



To"^et the formula first notice that in -Table IV, 
* 1^, 27 - 1 'f> 19, 64 - 1- + 7 + 19 + .37, etc. Each 



number in the fiVst -row after the is 1 more than the sum of the 

i ' V ■ 

i^umbers i^;^ the second .row- and 'to the left of it. That ^s, 

(n ■♦• 1)-^ i^ r plus the sum of the niimbers ia the second row ' 
through .w, which is 3n^ ^rSL- * 1- 'Hence we have the 'following 
equation: , - * 

(2) 7 +. 19 37/ +;{3n^. + 3n' + 1) = (n 10^ - 1. 

* r ' i , ' ■ 

?'rbm o^^urwork above we see that the right side of this equa" 

: ■ ^ ■ ■ . ' 

tion is eiqijal t?5S; , ' ■ ^ 

n^-+, 3n'^ + 3n + 1 - 1 - n^ + 3rr + 3n, " 
and the left s^e may be written: 

(3 X 1^ + 3 X 1 + 1) + 



(3 X 2^ +.3x2 +1) + 
(3 X 3^ + 3 X 3 + 1) + 



(3 X + 3 X n + 1). 



Notice that the numbers after the first multiplication signs are 
the squares of-t^e numbers from 1 to n, the numbers after' the 
second multiplication signs ^are the numbers from l.to n and the 
last number in eacJi" line is 1. So- if add by columns 'we have, 
using the distributive property: / 

3 X (1^ + 2^ + 3^ + + n^) + 
3X(l + 2+ 3+ *'«+n)+ ' 
^ + 1 + 1 + + 1), 
where in the last line there are b l»s. We have calle*d s the 
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3vm of the. squared of t)3e first n , integers, we know that the 
sua of the' first n integers is ^(n + n) and the sum of the 



n l*s is; n,. Hence the expression can be abbreviated to: 

■ ^ 1 ? 

3s + 3 ^ ^{n^^ + n) + n, , 

which is what the left side of (2) reduces to. if we equate it 

to ^af we foi^d above for the right side we have: 

3s' + 3 X |(n^ + n) + n - n^, + 3n^ + 3n* 

SinceiT • ^ - 

n - 3 X '5'tn . + n) 5 — ^ 




and 



our equation becomes: ^ 

^ ; 3s * ?n ^ . 2n3 '4- 6n^ * 6n 

2 . ■ ? ' ' ' • 

Notice that 3n '+ 2n - 5n and subs tracts * from both * 

k • , ' . 

sides to get 

• . 3s - 2p^- * 6n^ * 6n - 3p^ - S?> .^_ 2n^ t 30^^ f q 
Finally if we divide both sides- by J we have 'the formula 



2n^ t 3n^ n 



which is what we\Stated above. " ' ' ■ 

You should check this for, the first two or- three values 
of n. ' - • • 

■ \ ■ 
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Sxerciaea ^-2 

1. ,Usin^ dot* in the form of squares, show "^^i^l^ 

. "(n.-*- 1)^ - - 2n > 1. 

■ . ' ■ r - ..' •/ ' ' ' 

' . 2. Find a fortaula for the sum of the squades of the first- n even 

.integers. (Yoi^, may want to make a table first.) ^ 

y. Find a formula for the s\m of the squares of the first n odd 

* * 

integers. Hint: notice that C2n - 1)^ - "4ii^.- 4n + 1. • 

4. Given the numbers 4, 7, 12, csQa you fSrm a table beginning 
with these numbers' in whicij the first differences are in. an^ 
aHthmetlc progression? 

'5. Answer the same question as that in problem 4 but with the • 

* 

numbers 4, 7^, 12 replaced by 10, ^) 11 in that orders 

.6. Given any three numbers, could a table be constructed Having 
' ' the , given numbers as the first three entries in order and for 
whi<ih the first differences would be in an arithmetic progres- 

' sion? Give reasons for your answers. 

^ . • - • ' i 

7. Find a formula for the sum of tbe first n ^cubes of integers, 
that is, for 1, g, 27, 64, etc. 



V 



^ ♦ 5-3.. Finding Formulas that Fit 

By the methods we used in the previous sections^we could find 

r' ■ ' • ' 

formulas for the sums of cubes, fourth powers, fifth powers and so - 
on but the computations and algebra become more and more difficult. 
It is time we tried something 6lse. 
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We can use some of the same' ^fethods to find formulas to 
fit. some tables of values. Suppose we had the sequence of numbers; 

3 7 11 15 19 
,and we wanted a fonnula th^t would fit these values. We could 
fonii a table and take the first differences y 

Table V 

3 7 11 15 19 , • . . . , 
4 4' 4 ' 4. 

' These differences are all the same, that i-s, the numbers in the 
first row are in an arithmetic progression. (Of course the next 
valus^ might .not be, but we' are only trying to find a formula which 
fits the given values.) From this we might guess that the formula 
f*or .the'^numbers in^th^- first row would be of the form: ' an +'b 
for some Bumbers ^a and ' b. Suppose we try it to see if it works. 
Then the n-th and (n + l)st entries wpul4 be 

an + b > and a(n + 1) + b 
and their di^fference. would be * * ■ 

a(n + l)+b-an-b»*an+a + b-an-b*a 
which is the difference. Since all the differences are 4| it y 



follows that a must be '4 and our formula becoafes ^ 

4n + b. > . 

■R>w when fn #is 1, 4n + b must be the first entry, that is 

* ■ 

•4+^-3 - 
^hich mea'nsrihat b must be ; - and hence the fonnula seems to 



be. 



■4n - 1. 



If we try this for Various values of n we see that It works and 
this indeed fits the five entries in the first row oT the 



table. - ^ 



Actually we could see that' this would have, to work if the 
numbers are in an arithmetic progression, once we have fixed' b 

so that the-first entry fits the formula; for^ whatever b is, 

/ ' . I 

the numbers in the first row would be - 

b 4 + b"; 2^4 + b '3>x4 + b 

and the differences are all 4's. • ' 

• . ' i 

Really we have proved more than . we set out to do. We ha^ 

i 

• t^e ^ / • 

Theorem ; If>tii6 fir^t. difTerences of a tabl^ of valu^ . 
are all the.ssLms, call them a, then the numbers form an arith- 
metic progression "and the fomUla for the n_th term is 

9 If 

« ■ 

^ an b - ' 

where 'b is so chosen that a + b is t,he first' number in the 
table . / • V - ' » 

By means of thi^ theorem we could ^et a formula to fit any 
table of values in an arithmetic progression that is, in whick 
the first differences are all equal. What about tables in^fch 
thia^ is not the case? In order to explore this, suppose wet test 
the tables for a few formulas to see if. we can make some guesses. 

V Table for n(n + 2) * ^ ■¥ 2n. . 

•n ^ 3 4 5 ^ 

^ ^ n(n + 2) 3 g 15 24 35 " 

first differences > 5 7 9 11 ^ . 
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Here the- first differences form an arithmetic p^ogr^ession. 

{You should check these valued and cgmpute a few .more.') 

' " , " ■ '/ 

Table for- n(n.+ l)(rl * t) * 

n " ;l" 2 3 5 6 • • 

0 

n(n>l)(n + 2) 6 24 60 120 " 210 ^ 336 

»■ , ~ 

First differences Id 36 60 . 90 126 

Second, differences IS 24- 30 , 36 ' • • 

M ^ ^ ^ . . " 

Notice that n(n + l)(n ^) is the product of 'three successive 
integers beginning with n. Here it is the second differences 
whiqh are in an arithmetic progression. Th^is would give us a 
way of computing the values of n(n + l)(n * 2) successively, 
assigning that the second differences are in an arithjnetic progres- 
sion no matter how far one goes in the table. For instance, th« 
next second difference would be 42 • 36 + 6, "the next first 
difference would be 126 + 42 * 16S ^ich means' that the next eritry 
in the line above would-be 336 + 16S - 504- ' To check this we see 
that 504 « 7 X S X 9. (Notice that every number afte^ the first 
line in the table is divisible by 6, \fey is this so?) 

Try one more table: . , . 

Table for n(n + Dfn + 2){n + 3) 

n . . 1 2 . . ' 3 4 5 6 

n(n++ l){n + 2)(n + 3) 24 12Q 360 340 1630 ,0024 

First differences ^" 96 - 240 * 4^0 - 84O ^1344 

Second differencek ' 144 240 36O . 504- 

. • \ • * r 

Third Id iff e^encea \. " « ^.^^ ^'^^ 



Here it is the third differences that are in an arithm-etic progres 
sion. " N^ice that every- n^imber after the first row is divisible 
by 24. Wiy is this so?' 

Before Agoing further, jou should .try but a few for yourself. 

1. Find tables of values for e^ch of, the following formulas 
and compute first, second, third differences: 

(a) n^ + 3n > 2 , . 

(b) 

(c) + n • ~ ' - V 

0 

2. Slippose you computed a table fpr thfe formula:' n^ -'n^ and 
computed the first, second, etc. differences. Guess how soon 



you would come to an aVithmetic progression. Then check it 
to find out. 



Now we can come back to the problem of trying to fincj for- 
mulas that fit certain tabies. In the beginning we considered 
, triangular numbers and a little later, square numbers. What 
■ . WDuld ** pentagonal numbers'* be? (You remembez' that a pentagon is 
, 'a five-sided figure - the shape. of the Pentagon in Washington.) 
Consider the following figure which is a set of pentagons: 
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We call 1 the first pentagonal number and $ the next. In the 
next pentagon there will be 3 dots on a side and m add three 
sides with a total oT 3 + 3 + 3- 2 - 7 dots"; {We aUbt'ract 2 
for the vertices \^ich v*e ^ve coiinted twice.,) The next time 
we would aBd 4 + 4 + 4-2, or 10 dots. Each time we add three 
more than we did the previous time. ■■ In this way we get the follow-,: 
ing table of pentagonal numbers: 

Table VI 
1 5 12 22 35 

first differences ' 4 7 10 13 

■ * ■ ■ 

second differences 3 - 3 '3 
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From^this and our previous experiencB it looks as if the 
for^la which would fit this table would be of the form 

ari^ .+ bn + c 

- • ' ' •. 

for a proper ^choice of the numbers a, b, and c. Let us see 
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».if this will work out. Then the n-^h ^rxi (n +^l)st terms 
woulti be ' \ * N , . 

an* +-bn + c and a(n + 1)* + b{n + 1) + c 
and their dilTerence would be " .. ' 



ra X [{n + 1)^ - n^], + b x*[.(n. aJ + c - c. 
We have/ already fddna tfcfdt yi-n + 1) >^n^- 2n ■»■ 1 and hence th^ 
differ^e is ' / . ' \ 



] 

a(2n + 1) +~b - 2ah + (a + b). 




Now this has to be e<^uai to the first difference formula. But we| 
can find this- Since the first differences of the first differ- \ 
ences are all 3, the formula the first difference in the table 
must be 3n ♦ r and r must be 1 to have it give the number 4 
Mihew n ■ 1. So we have . 

3n + 1 - .2an + (a + b>. 

This means that 

2a - 3 and a b • 1, 
which gives a - ^ an^ b « - ^. 

Hence the formula for the numbers in the first line of Table 
VI, the pentagonal numbers, should be 

for a proper choice of c. Putting n - 1 in the formula and 
setting it equal -to the first entry, 1, in the table, we get 

l-|xl^-|;<l + c- l + c 

which shows that c must be zero. So our formula for the n-th 

ERIC 
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r * - 

term in the first row of Tablf ¥1 seeips to be - 

-and trying values for n will show' you that it does indeed fit. 
Furthermore it has to fit^si^jce the first differences are fixed 

4 

and they determine the "entries on the first line after the first 
entx^r is given. 

Exercises 

1. Find formulas which fit each of the following tables of values 
(a) 2 7 . l2 17 22 27 * 

^ (b) 5 19 43 77 121 ' - ' 

■ (c) 8 20 ■ 62 92 

2. What kind of a formula do you think would fit the following 
table of values: 



10 30 , '•6a\ ;130 222? 



r 



'3. Find the formula which will fit the numbers in problem 2. 

4» Show tl^at the following, numbers are the hexagonal numbers 
ia hexagon is- a six-sided figure). 

• 1 6 15 ^ 2g 45 
Find a formula for the hexagonal numbers. 

5. Use the methods of this section to find the formula for the 
^ sum of the first , n squares. 

6. Have you ever noticed cannon balls piled in a triangular 
pyramid on an old battlefield? There might be a little pile 
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with 3 in a triangle on ^he^ bottom and 1 on top of it, giving 

4 in all. If th^e were: t^ree tiers, the triangle the . 

ground would have 6, plus <ihe four above, would be 10. If 

there were four ti^rs, there would bp 10 okj_the, bottpm with a 
. total of 20 in* the pile* These numbers are called pyraijiidal 

numbers- and are ' • 

l' 4 10 20 35 . 

Can you discover any relationship betwe^^n them* and the^tri-» 
. angular liumbers? Can you find a ^formula for the pyramidal 

numbers? 

7.' Suppose there is a table of values in which the third differ- 
r ,.• _ ■ . - 

ences form an arithmetic progression. Can you guess what sort 

\ of a formula^would fit the niimbers of the table? 

3^ There is a famous theorem that every integer can be expressed 
as the- sum of three or fewer triangular numbers . Try it out; 
1 - 1, 2 - 1 + 1, 3-3, 4-1+3, 5 - 1 + 1 + 3, 
14 " 1 + 3 10, etc. 

Notice that the niimbers 5 and 14 actually need to have three 
triangular numbers in the sum. The theorem also' says that 
every integer which is positive can be expressed a!^ the sum 
of four .on fewer square numbers, five or fewer penta^nal nufs- 
, bers, etc. You might be interested in trying this out. The 
proof is very difficult. ^ *. * 

9* There are some sets of ' numbers that have- the property that no 
row of differences, no matter how far you go, form an-* 

s 
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• -arithmetic progression, TvrO' such seis are 

U} 2 -2^ g^' * 2^ r'' '2^ ' J-' 
(b.) ; 1 1-2 3 ' 5 S 13 21'- -^^ r 

I 

where in th,e second sequence each numb^ is the sum of the 
previous two/ Show -that no matter how many differences you 
take, no s6t will form an arithmetic progression. 

10. We know from probl«n ,10 in section 1, that any two given 
numbers may be used to start an arithmetic progression. 
Why does this show' that no matter what two numbers you may 
name, I can find a 4'ormula like: an + b which has these' 

' V • - • ' 

two number^;/ as values, for n 1 and o^"» 2? 

11. Look at problem 7 iri section 2 and see if you can answer the 
following question: Given any three numbers, we can find a 
formula like 

2 

an + bn + c , 

.> • ■ . 

• which will have the giiJ^n numbers as values when n " 1, 
n » 2, n - 3? - . . 

12. What kind of a formula do you think would fit any set of four 
values?^ Can you draw any general conclusions?. 



I,. 
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SUPPLEMENTARY UNIT 6 " 
THE LATEST DpPE ON PiUMES \ 



u 



We are going to r^rt to you on psultS' published b/ 

»• . - 

Professor Raphael M. Robinson, of the University of California 
at Berkeley, in October, 195^, issue of, the Proceedings of the 
American Math'snat ical Society. This will give you some idea of 
how research mathematicians are applying high-speed computers to 
solve pi*oblems about primes^ . ' * ; 



Robinson^s note is based or) calculations carried out during 
1956 and 1957 on the SWAG (Standards Western Automatic Computer)' at 
th« University of California in Los Angeles. * 

To obtain an idea of the meaning of this work, let us' think 

for a moment about the problem of finding out whether a given number..' 

* t 

•TV is a- prime. According to the definition of a prime, we mUst 

• « t 
find out whether n is divisible by some smaller humber other 

than 1.- The nfbst obvious method is to divide n by the numbers 

?» 3, 4, up to n - 1. If any of these nuo^bers divide evenly 

into ^ n, then n is not a prime. If none of these divisions come 

f ^ 

out evenly, then n is^fe prime. This method requires^ n - 2 
divisioiis. If n . is about 10^^, and if eabh division requires ' 
.001 seconds, then this\rould tal^e abaut 10^*^ secoDds, How many 
seconds are theife in a year? Abput how|i^y years would this 
take?- ' 
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■ ^ \ * ■ 

We Could, shorten the work very much if we thi^k a little,, ^ 

^ It n Is not a prime, then n can be expressed fs a product of 

- / . ' ^ s 

two smaller numbers: ' - * \ 

n * a*'b. 

If a is the smaller of these factors, then n is at least 

l>-2 



a 



Therefore, if n is not a prime,, then it is divisible by some 
• number a whose square is at most n. To test whether n is 
a prime, it is enou^ to divide n by the numbers 2, 3, 
up to the largest number whose square, is no larger than n. 
If n < 1, OCX), 000, then we do not have to try any, divisors greater 
than 1,000, since 1,0(X)^ • 1,000,000. Thus to see whether 999,997 
i& a prime, we only need to divide by 2, 3, 999. By this 

method we only need 99^ divisions instead of 999,995 divisions 
in the previous method. - ^ 

100 

If n is about 10 , then this method requires onXy (II) 
about 10^*^ divisions, for 10^^*10^^ - 10-^^°." If each division 
takes ,001 seconds, how many years would it take by this method 
to test vriiether h is a prime. ^ 

0 If we wish to test realljr large numbers, we must l£>ok for 
better methods so that we can obtain the answers in a reas^on^ley 
time. Therefore, mathein at icians try to find special glasses of 
jiumbers which have special properties which enable us to reduce 
the work even more* 
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For excLgy)le, a great deal , of wo|*k| has been done on numbers 
iiifhich are one less than a power ) We may represent such 

numbers in the form . \ , ^ a 



n 



2^ -1. 



If m » 2, then^ ^ * 2* - I « 4 - 1 - 3, . whitih is a prime. If 
m - i^r^t^en n - 1 - 16 - 1 - 15, which is not a prime'. If 

m is not a prime, then n- cannot be a prime. But m may bp a 
prime, without n b^ing a prime. . . ' , 



Exercises 6-1 
1. Make a table up* to m * 20: 





1 -^1 


? 


1 ^ 


1 ^ 


1 ^1 


I ^ 


7 




9 




[ \l\ 


L 12 


;^ 




In 


1 


3 


7 


15 


31, 








* 













2. Te^ the statements . . 

If m is divisible by 2, then n^ is divisible by 3.. 
If m is divisible by 3, then n is divisible by 7. 
If m ■ is divisible by 5, then ' n is divisible by 31. 
What is the general law? 

Robinson reports on numbers which- are one more than a small 
multiple of a- power of 2, that is, numbers of the form 

* n « -(1^2^) + 1, 
where k is a small odd niimber. 

- He and his group tested for primeness all numbers of this 
form with k < 100 and m < 512, as well as a few larger r^umbers 
First they divided by all numbers, less than 10,000; and for k < 7 
they tried/divisors up to 100,000. After eliminating all small 

'^7 - 



\ 
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factorsjin trhis way, they then applied a theory stated by 



.^1 



yProth 'in 1^7^/ Let us see if wa can't get some idea of vdiat 

y - , . ^ , , , 

Proth*s theorem says and*how it rs used. •without trying to examine 

• H . ' / ' - • * ' 

4. all of the details. • ^ <• 

Pro^^s theorem gives ^a method of tes'ting numbers of the 
. fbrm n - + 1 for primeness provided the counting number 

k. is odd and less than 2"^. We can avoid much of the complication 
of the statement of Proth^s theorem if we restrict ourselves to 
the case where k is not divisible by 3« Thjis-.we may use ' 

k - 1, 5,. 7, 11, 13, 17, . 
. m - 1, 2, 3, 4, 5, 6, 7, ^ 
and we are able to test the' numbers nr (k-2^) + 1 for primeness. 
For these numbers - n Proth*s theorem states that ' \ 

6 .2 ri is prim. iL ^ onlv if is ^ factor a£ 

" 3 ^ .+^1. - • 

Does this look mysterious. to you? It is likely that it does, 
because you are not a mathematician. It would very probably look 
a bit mysterious even to a mathematician if he didn't happen to 
be^ familiar with the special techniques which are needed for a 
proof of this particular theorem. Hov^V'er, if you will accept 
our word that it is a true theorem {and a great many very respect- 
able math^eraaticians will t'estify to its being true) then it 
shouldn't be hard to see v^at^It' savs and how it is used . 

In th^f irst place, what does 3^ + 1 mean? The . expression 
is being^*^^ed as an exponent. The number n\ we are using 
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here is odd. {^y? What is the form of n?) ^Thus, A - 1 is 

n-i 



n-1 

2 



^ven, so that -j- is^a counting number/ Thus 3 " -»■ 1 is 
Just one mofe than 3 raised to a coui^ting number power. To liest 
n for primeness we need only f^nd thiS number and then divide 

' : • I - ■ 

it by n,. If this division comes out even then n is a prime; 
otherwise n is a composite. 



What numbers can we test for primeness by this method? Let 
us list a few of them in a table and then apply the test to some 
of them. Fill in *he blank spaces in the table below. Remember 
that Froth's theorem requires that 0 < k < -2°^, and that' we haye 
restricted ourselves t a numbers k;, which are not divisible by 3. 



k 


m 


/a - (k.2"^) + 1 


1 


; 





r 

1 


2 


^ 


1 


3 


9 


. 5 


3 




7 


3 


57 


, X 


4 






4 


SI 


. 7 


4 


• 113 - ... 


11 


4 ■ 






4 


f ■ ,. u— - 

209 


1 




33 









k 


ffi 


n - (k-2") + 1 






- I6l 


7 




225 


11 






, 1 




65 




6 


321 




, 5 ' 


, 417 . 




5 , 


545 ' 






2.^7 






17.409 


, ^7 




2.177 




10 


7,169 






10^2^.1 



Now let us see how klie test works for a few of tiie^e numbers. 
To refresh our memories wg restate it here: ' ' ' 



If n.- (k.2°*) + 1 where- 0 < k < 2° arm k is not 
/ divisible^y 3 then n is prime if and only if it is & factorV. 

of ■ ■ • ' : . ' 

^ ■ ( ' n-l 

-^msSSlSLl' ^et k - 1 and m - 2 so that n - 5. (Look 
it .up in the table.) We are testing 5 for primeness. In this 
case is ^ or 2, so 

32 + 1 - 3? ♦ 1 - 9 ♦ 1 - 10. 



> 

n-l 
— 5— ' 

Is n a factor of 3 +1? Is 5 a factor of 10? Yes, it is, 
so the test tells us that 5 is a prime. Does this check with 
what you a Iready know? ^ 

Example 2; Let k • 1 and m - 3 ^0 that n 9. (Look 
it up.) We divide- 

J ^ 1 m ^ I . + I » ^ 

^ by 9. The division does not come out even, so the test tells us 
that 9 is not a prime *^ Does this check with ^at you already 
know about 9? 

I 

■ MaB£iS_i; If k - 1 and m - 6 then what is n? The. 
table should tell you that n » 65. If it doesn*t, work it out 
again. is 32, then, so v 

• 3^+1- 3^^ + 1 - 1,^53,020,1^^,^51,842. \ 



We Would have to divide this numbei^ by 65 to continue the test. 
It would not be wgrth 'the- effort, howeveir, since we /C0.n easily 
recognize thsrt-65.'has 5 as h factor, and is therefore not a ' 
prime-.. ' ^ ' i ' .'■ 

\ . S;^^pX^, J^u Let k » ? and m - 4 so that n + 1 » 

113. -In this case the number 3'^' + 1 - 3^^ + 1 is 9 times the 
sQuare of 1,353,020,1^^,851,^42 ^us 1. If you are ambitious you 
may calculate^^this number and divide it by' n - II3.. The division 
will come out even if you do your work correctly, so what do you 
conclude about II3? 

■ ' - , . , ( . ■ ■ 

Exzmples 3 and 4 should convince lis of one.thing. Froth's 
theorem is not well suited for testing large numbers, for prime- 
ness by hand calculation. HoweArer, large computers are constructed 
expressly to make calculations of the order of the ones which dis- 
couraged us above. And they do them quicklyl On the SWAG the' time 

' ^ ■ 1 

for the test was no more tha;n 1-|- minutes as long as m < 512. For' 

m about "1000 and' k -.3, 5, or 7 the test took about 7 minutes. 

The number n - (7*2^^^) +1 is larger than 10^°^. Cojmpare 7 

minutes with the time it would take the machine to test 10-^^ for 

prlgeness by trying all possible factors. Earlier in this section 

you got some idea of this^time for riimbers of the order of lO-*-^^. 

For k - 1 the tes3^ had previously been carried out for all 
m < 8192^, and the only primes of this form ^ich have been found ^ 
are the cases 

m ^ 0, 1, 2, 4, 8, and 16. 
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. The 'l^argest new prime discovered by this work is the case 
k'- 5, m *'l9k7i . ^ ^ ^ " " 

< n - {5-2^^^'') + 
If you wish to estimate, this number, fiJ?5«tefeotiice that 





10^ - 1000 < 2^° - i02W 

The re f o re we" have 

2^947 > 2^940 . ^2l0jl94 > ^^^3^191, . ^^^tZ* 

Therefore n has more than -5^2 digits. On the other h^nd, notic 
that " , . ' . t ) 

2^^ - a096 < 10^. 



"Ha ere fore we have 



n < 1 * ■. \i (23.21947) ' 

. - 1 + 2^950 . ^ ^ (213)150 ', 
^ .<<L ^ (10^)^50 . 1 ^ ^q60O^ / 

Consequently n has no more ^han -600 digits . 



j 



Remember that by using the theory of Proth, this prime was 
d^cove^ed by a single division taking a matter of minutes. By,. 



'• using either of the cruder methods discussed before at least 

291 ' * 

10 divisions would have been necessary, JfSV long would this 

have taken at the rate, of a thousand divisions -per second? 

This number' is the fourth largest prime known at present. 
The larger ones are the numbers 

n - 2°^ - 1 

with B - 3217, 228lj and 2203. The latter two were repor^d by 
ERIC 
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Robinson in the Proceedings of the American Mathematical Society 

1954. The largest, one was reported early in 195^ by H. Riesel 

p ' ■ 

in Mathematical Tables and Aids, to Computation (page^.^). 

Example 6 : Estimate the nmnber of digits in each of three 
primes, ^j^^ . ' 

♦ Perhaps you would be interested in the general statement of 
Profh's theorem. For numbers n - (k«2°*) + 1 with k divisible 
by 3 the important difference in the test for primeness is that 

2 

the number 3 1 must be replaced by a new number. The num- 

ber to use 4s of the form 

&^ ^ 1 . 

where a is a counting number which may have -to be chosen differ- 
ently, for different values of k and m. The condition which a 
must satisfy will be found in the statement of Proth'^^heorem. 

Theoreiq : Let 0 < k < 2°^ and n - (k*»2^) + 1. Suppose a 
is a counting number which has the property: jaa sum of a and a 
multiple of n is a perfect square. (Alternative: , the sum of 
a and a multiple of n is never a perfect square.) 

Then n is a prime if and only if it is a factor of 

nzl " / 
' a ^ 1. ^ ' 

The condition which a must satisfy is rather a strange one. 
It would seem that.it might be difficult to find a number which 
satisfies it in some cases. We could never find such a ^number 
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by any nu^er of trial operations, for the condition which a - 
must satisfy involves, a statement aboiit all pultiples of n. We 
may re-iect some choices of a on the basis of a single calcula- 
tion, though. If k ■ 3, -and m - 2 so that n « 3«2 + 1 • 13 
then would a - 4 do? No, because 11? + a ■ 11? + 4 « 121 is 
a perfect square, and 117 is a multiple of n - 13. To find a 
number a which we can be sure will fit the condition for a given 
n, then, we will have to use reasoning . We will have to reason 
that, for a certain number a, no matter how many muiblSflples of 
n we try, adding a will never give a perfect square. Mathe- 
maticians know enough about numbers so that finding such a number 
is not a very difficult problem. Ab you may have guessed from the 
discussion above, it is possible to show that whenever k is^ot 
divisible by 3 the number a * 3 satisfies the condition of the 
theorem. Once we have found the right number a to go with n 

.i 

can avoid the many tedious .calculations necessary to test a lan^e 

number for primeness. Instead of dividing n by all prime nJmbers 

Whose squares are' less than n, we- need only perfonn one caljcula- 

tion. We simply try the division 

% n-1 

(a ^ + 1) t n; 

if it comes ' out even- n is a prime, if not, n is not a prime. 
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